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SEPARABLE SAMPLE COVARIANCE MATRICES UNDER

ELLIPTICAL POPULATIONS WITH APPLICATIONS

HUIQIN LI, GUANGMING PAN, YANQING YIN, AND WANG ZHOU

Abstract. This paper is to investigate the spectral properties of separable
covariance matrices under elliptical populations. The separable covariance
matrix model can handle both cross-row and cross-column correlations thus
gain more popularity recently. Under the high-dimensional setting where the
dimension p and the sample size n tend to infinity proportionally, we find
the limit of the empirical spectral distribution and establish the central limit
theorems (CLT) for linear spectral statistics of such kinds of sample covariance
matrices. Some applications of our established CLT are also given.

1. Introduction and main results

Spectral properties of sample covariance matrices are important in engineering
and statistics, see [16], [1]. When the sample size n tends to infinity while the dimen-
sion p of population is fixed, the sample covariance matrix is asymptotical a good
estimator for the population covariance matrix. However, as has been well known,
it is not the case when the dimension p is comparable or even larger compared with
the sample size n. Thus, it is reasonable to investigate the relationship between the
population covariance matrix and its sample version under the high-dimensional
framework.

We begin by introducing some definitions. Let A be any n×n Hermitian matrix
whose eigenvalues are denoted by λj , j = 1, 2, · · · , n. Then the Empirical Spectral
Distribution (ESD) of A is defined as

FA (x) =
1

n

n∑
j=1

I (λj ≤ x),

where I(·) is the indicator function. The Stieltjes transform of FA (x) is given by

mFA (z) =

∫ +∞

−∞
(x− z)−1dFA (x) , z = u+ iv ∈ C

+.
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As a classical matrix model, the sample covariance matrix has been studied in
random matrix theory for a long time, which is defined as follows. Suppose that
y1,y2, · · · ,yn are n observations drawn from a centered p dimensional population.
Then the sample covariance matrix is n−1

∑n
i=1 yiyi

∗. In this paper, we will con-
sider more general matrices called separable sample covariance matrices. To be
specific, we consider the matrix model

Sn = n−1AnXnBnB
∗
nX

∗
nA

∗
n,

whereXn = (x1, · · · ,xn) is a p×n random matrix whose columns are n independent
observations from a p dimensional population X with zero mean vector and unit
population covariance matrix while An is a p× p matrix and Bn an n× n matrix.
The separable covariance model describes a process where the time correlation does
not depend on the spatial location and the spatial correlation does not depend on
time, i.e. there is no space-time interaction and this model has applications in many
fields such as wireless communications [17] and spatio-temporal statistics [11, 13].
Furthermore, it includes many covariance type matrices that have been well studied
in random matrix theory as special cases.

The existing literature on this model mainly considers the case where the popula-
tion follows the independent component structure (ICS). That is, the components
of X are assumed to be independent. [18] firstly obtained the limiting spectral
distribution (LSD) of Sn under ICS. It was shown that, unlike the usual sample
covariance case where Bn = In (here and throughout this paper, In stands for the
n-dimensional identity matrix), the LSD of Sn is more complex and proved to be
the solution of a system of equations. Then [14] proved the no eigenvalue outside
result when Bn is diagonal with non-negative entries. The central limit theorems
(CLT) for linear spectral statistics (LSS) were studied in [4] and [12].

However, this assumption excludes lots of important populations such as the
elliptical populations. A p-dimensional random vector x follows an elliptical distri-
bution if and only if it has a stochastic representation:

(1.1) x = ρAu+ μ,

where Ex = μ, the non-random p by p matrix A satisfies rank(A) = p, ρ ≥ 0 is a
random variable being the radius of x, and u is the p-dimensional random direction
independent of ρ and being uniformly distributed on the unit sphere Sp−1 in Cp(Rp),
denoted by u ∼ UC(R)(S

p−1) in the sequel. In view of its abilities in describing heavy
tails and tail dependence among components of a population, the family of elliptical
distributions has found its applications in lots of scientific areas, including but
not limited to statistics and economics. Many commonly used distributions, such
as multivariate F distribution, multivariate Pearson type II distributions, power
exponential distributions, and multivariate Kotz-type distributions, belong to the
family of elliptical distributions. See, for instance [6].

Now, let us introduce the model that will be investigated in this paper.

Definition 1.1. The matrix Sn = 1
nAnXnBnB

∗
nX

∗
nA

∗
n is defined as the separable

elliptical sample covariance matrix if the following conditions are satisfied:

(a) The columns ofXn follow the elliptical distribution. That is, xj = ρjuj, 1 ≤
j ≤ n, where ρj ’s are independent and identically distributed (i.i.d.) ran-

dom variables with E ρ21 = p and E
(
ρ41
)
= p2 + τp + o(p) and uj

i.i.d.∼
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SEPARABLE SAMPLE COVARIANCE MATRIX 3807

UC(R)(S
p−1). Furthermore,

sup
p

E |(ρ2 − p)/
√
p|2+ε < ∞

for some positive constant ε;
(b) An is a p× p matrix and Bn is an n× n matrix, both are non-random and

have uniformly bounded spectral norms;
(c) As n → ∞, the ESDs of Σn = AnA

∗
n, Φn = B∗

nBn, denoted by HΣn
and

HΦn
, converge weakly to two proper distributions HΣ and HΦ respectively;

(d) cn = p/n → c ∈ (0,∞) as n → ∞.

Remark 1.2. We give some explanations on condition (a) of our model. This condi-
tion indicates that the column of Xn follows an elliptical distribution with squared
radius variable ρ2. To make sure that the considered model is identifiable, the
expectation of ρ2 is assumed to be the dimensional parameter p. Also, the nor-
malized squared radius variable ρ2/

√
p is assumed to have a finite moment with

order slightly higher than 2 and to have a limit variance τ . When τ = 2, each
column of Xn is a standard p dimensional Gaussian vector. We also remark that
the deterministic matrix A in (1.1) is absorbed into An in our model.

For this model, when Bn = In, the LSD and CLT for LSS were considered in [9]
and [8]. To the best of our knowledge, there is no literature on the LSD and CLT
for LSS when Bn 	= In. The following is a theorem concerning the LSD of Sn.

Theorem 1.3. Suppose the assumptions (a)–(d) hold. With probability 1, as
n → ∞, the ESD of Sn converges weakly to a non-random probability distribu-
tion function F c,HΣ,HΦ . To be specific, we have

(1) If HΣ = 1[0,∞) or HΦ = 1[0,∞), then F c,HΣ,HΦ = 1[0,∞);
(2) If HΣ 	= 1[0,∞) and HΦ 	= 1[0,∞), for each z ∈ C+,⎧⎪⎨⎪⎩

m(z) = −z−1(1− c−1)− z−1c−1
∫

1
1+q1(z)y

dHΦ(y),

m(z) = −z−1
∫

1
1+q2(z)x

dHΣ(x),

m(z) = −z−1 − c−1q1(z)q2(z)

(1.2)

is viewed as a system of equations for the complex vector (m(z), q1(z), q2(z)),
then (1.2) has a unique solution in the set

U = {(m(z), q1(z), q2(z)) : 
m(z) > 0,
(zq1(z)) > 0,
q2(z) > 0} .
Also, the Stieltjes transform of F c,HΣ,HΦ , denoted by mF (z), together with
the other two functions g1(z) and g2(z), both of which are analytic on C+,
is given by this solution.

Let F cn,HΣn ,HΦn obtained from F c,HΣ,HΦ with (c,HΣ, HΦ) replaced by
(cn, HΣn

, HΦn
). Let Sn = 1

nB
∗
nX

∗
nA

∗
nAnXnBn. Obviously, one has

F Sn(x) = cnF
Sn(x) + (1− cn)1[0,∞)(x).

Denote by Fc,HΣ,HΦ the limiting spectral distribution of F Sn and denote by m(z)
the Stieltjes transform of Fc,HΣ,HΦ . Then one finds

F
c,HΣ,HΦ(x) = cF c,HΣ,HΦ(x) + (1− c)1[0,∞)(x).

Likewise, Fcn,HΣn ,HΦn is obtained from Fc,HΣ,HΦ with (c,HΣ, HΦ) replaced by
(cn, HΣn

, HΦn
).
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Next, we will give a result about the CLT for LSS of Sn. For that purpose, define

Gn(x) = FSn(x)− F cn,HΣn ,HΦn (x).

Let ej be the j-th column of an identity matrix. Denote

G�(z) = (g1(z)BnB
∗
n + In)

−1 , G�(z) = (g1(z)Φn + In)
−1 ,

where g1(z) is defined in Theorem 1.3 and Φn = B∗
nBn. Also, denote L1 =

limn→∞
1
n

∑n
j=1 ∂

{[
eTj G�(z)ej

]2}
/∂z

.
= limn→∞ L1,n,

L2 = lim
n→∞

1

n

n∑
j=1

∂
{
eTj (BnB

∗
n)

−1 eje
T
j BnB

∗
nG�(z)ej

}
/∂z

.
= lim

n→∞
L2,n,

and

L3 = lim
n→∞

1

n

n∑
j=1

∂
[
eTj (B∗

n)
−1

G�(z)B−1
n eje

T
j BnG�(z)B∗

nej

]
/∂z

.
= lim

n→∞
L3,n,

where ej is the j-th column of an identity matrix. Furthermore, let

d1(z) =
c2d3(z)

z4g1(z)

∫
x

(1 + xg2(z))
2 dHΣ(x)

[∫
t2

(g1(z)t+ 1)
3 dHΦ(t)(1.3)

+
d2(z)

zg2(z)

∫
t

(g1(z)t+ 1)2
dHΦ(t)

]

+
c

z4g2(z)
d2(z)

∫
x2

(1 + xg2(z))
3 dHΣ(x)

∫
t

(g1(z)t+ 1)
2 dHΦ(t),

d2(z) =

∫
t2

(g1(z)t+ 1)2
dHΦ(t), d3(z) =

∫
x2

(1 + xg2(z))
2 dHΣ(x),

d4(z) =
1

c

(
3

4
τ − 5

2

)
∂ (zm(z))

∂z
+

(τ − 6)L1

4c
− (τ + 2)L2

4c
+

(τ + 2)L3

4c
,

d5(z) =
5

4c

∂ (zm(z))

∂z
+

3L1

4c
+

L2

4c
− L3

4c
,

and

d(z1, z2) =
1

z1z2

z1g1(z1)− z2g1(z2)

g2(z1)− g2(z2)

z1g2(z1)− z2g2(z2)

g1(z1)− g1(z2)
.

Theorem 1.4. Suppose the assumptions (a)–(d) hold and suppose Bn is invertible.
Denote by λ1 ≥ · · · ≥ λp the eigenvalues of Σn. Let f1, · · · , fκ be functions on R

analytic on an open interval containing

(1.4)

[
lim inf

n
λpλ

Φn

minI(0,1)(c)
(
1−

√
c
)2

, lim sup
n

λ1λ
Φn
max

(
1 +

√
c
)2 ]

.

Then

(1.5) p

(∫
f1(x)dGn(x), · · · ,

∫
fκ(x)dGn(x)

)
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SEPARABLE SAMPLE COVARIANCE MATRIX 3809

converges weakly to a Gaussian vector (Xf1 , · · · , Xfκ) with mean

(1.6)

EXf = −2− β

2πi

∮
C

f(z)d1(z)

(1− cz−2d2(z)d3(z))
2 dz

− 1

2πi

∮
C
f(z)d4(z)dz −

β − 1

2πi

∮
C
f(z)d5(z)dz,

and covariance function

Cov

(
Xf , Xg

)(1.7)

= −3− β

4π2

∮
C1

∮
C2

f(z1)g(z2)
∂2

∂z2∂z1

∫ d(z1,z2)

0

1

1− z
dzdz1dz2

− lim
n→∞

τ − 3 + β

4π2p

n∑
j=1

∮
C1

∮
C2

f(z1)g(z2)
∂2eTj G�(z1)eje

T
j G�(z2)ej

∂z2∂z1
dz1dz2,

where f, g ∈ {f1, · · · , fκ}, β = 1 when u ∼ UR(S
p−1) and β = 2 when u ∼

UC(S
p−1). The contours in (1.6) and (1.7) (two contours in (1.7), which we may

assume to be non-overlapping) are closed and are taken in the positive direction in
the complex plane, each enclosing the support of F c,HΣ,HΦ .

Remark 1.5. To fully express such kind of CLT above, it is necessary to invoke three
separate limits, namely L1, L2 and L3 defined above. Generally speaking, these lim-
its may not always exist. These kinds of assumptions are due to the non-negligible
influences of the population eigenvectors and are prevalent in the descriptions of
CLT for LSS under non-Gaussian populations. It is worth noting that in cases
where the underlying distribution is Gaussian or under certain diagonal assump-
tions, these limits naturally exist. In practice, we can treat the sequences L1,n,
L2,n and L3,n as parameters in the expressions of “limiting” means and variances
of specific LSS. Then, one finds that the normalized LSS(

p
∫
f(x)dGn(x)− Ẽxf

)
√
C̃ov(xf , xf )

,

where Ẽxf and C̃ov(xf , xf ) are obtained by replacing L1, L2 and L3 in Exf and
Cov(xf , xf ) with L1,n, L2,n and L3,n, will convergence weakly to a standard Gauss-
ian variable. The joint distributions can be obtained in a similar fashion.

Remark 1.6. The invertible condition of Bn is just for technical reason. It is critical
for our proof strategy but is not necessary for the CLT to hold.

Remark 1.7. It is seen that the first term in (1.6) will disappear in the complex
case (β = 2), and the same phenomenon was also observed by [4] for populations
under ICS. The rest of the terms related to d4(z) are due to the dependence in the
elliptical population case.

Remark 1.8. We mainly consider elliptical populations in this paper due to their
widely applications in practice. It will be seen in the proof we use the fact that
u can be written as a normalized Gaussian vector. However, if we assume Bn is
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diagonal and the vector u is a normalized random vector whose entries are non-
Gaussian but with the same fourth moment μ4 < ∞, one can obtain the same
theoretical results on LSD and CLT for LSS by taking the same procedures as in
this paper.

It is worth noting that the proof of the above theorem is very different from the
one in [4]. Under ICS, in [4] the CLT for LSS of separable covariance matrices is
derived by two steps. The first step is to prove the result when Xn are Gaussian
(also a special case of our theorem when τ = 2). The second step is to compare the
characteristic functions of LSSs under the Gaussian case and general case (under
the assumption that the fourth moment of the underlying distribution equals to 3).
However, this strategy is no longer valid under elliptical distribution case. Thus, in
this paper, we need some new strategies to establish the above theorem. To be spe-
cific, by using the properties of elliptical distributions and the orthogonal property
of Gaussian random vector, we find that the difference between separable sample
covariance matrices under elliptical population and Gaussian population is on ac-
count of the influences of two random diagonal matrices. Thus, by the expansion
of the random diagonal matrix, we successfully decompose the objective Stieltjes
transform into several parts and point out their contributions. This strategy is also
different with the one used in [9], which is based on a newly established formula for
quadratic forms under elliptical distribution when B = In.

The rest of this paper is organized as follows. Section 2 contains some appli-
cations of main results. The main theorems are proved in Section 3. Some useful
lemmas are presented in Section 4. Appendix collects some technical proofs.

2. Applications

In this section, we give some applications of our main results. The first applica-
tion is on realized sample covariance matrices and the second one is on Kronecker
channel model.

2.1. Application on realized sample covariance matrices.

2.1.1. The realized sample covariance matrices for diffusion processes. Consider
the diffusion processes, which are widely used in economics to model financial asset

price processes. Suppose x
(j)
t , 1 ≤ j ≤ p, are the log price processes of p stocks.

Denote xt =
(
x
(1)
t , · · · ,x(p)

t

)T
. A widely used model for xt is

(2.1) dxt = μtdt+Θtdwt.

Here μt and wt are p-dimensional drift process and p-dimensional standard Brow-
nian motion respectively. Θt, a p × p matrix for any t, is called the co-volatility
process. Under the situation that one can observe the processes xt at high frequency
synchronously, one is usually interested in the so-called integrated covariance (ICV)
matrix defined as

ΣICV :=

∫ 1

0

ΘtΘ
T
t dt,

as well as its estimator, realized covariance (RCV) matrix defined as

ΣRCV :=
n∑

l=1

Δxl (Δxl)
T ,
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SEPARABLE SAMPLE COVARIANCE MATRIX 3811

where Δxl :=

⎛⎜⎜⎝
x
(1)
τn,l − x

(1)
τn,l−1

...

x
(p)
τn,l − x

(p)
τn,l−1

⎞⎟⎟⎠, with τn,l, 1 ≤ l ≤ n being the observed time

points.
It is explored in [19] that the LSD of ΣRCV depends not only on the LSD of ICV

matrix, but also on how the co-volatility process evolves over time. Furthermore,
under the assumption that the process belongs to class C to be defined below, and
some other assumptions, [19] demonstrates clearly how the time-variability of the
co-volatility process affects the LSD of ΣRCV .

Definition 2.1. Suppose that the process xt is a p-dimensional process satisfying
(2.1) and Θt is càdlàg. If, almost surely, there exist (γt) ∈ D([0, 1];R) and a p× p
matrix Λn satisfying Θt = γtΛn and tr(ΛnΛ

T
n ) = p, where D(I;S) stands for the

space of càdlàg functions from I to S, then we say that xt belongs to class C.

The next question is, how the co-volatility process and the LSD of ICV matrix
affect the second order limits of the eigenvalues of RCV matrix. Such kind of results
is useful when making statistical inference on ICV matrix. Here, by applying our
main results of this paper, we shall give a theorem on the LSS of RCV matrix. To
the specific, given functions f1, · · · , fκ on R, we will derive the fluctuation properties
of the linear spectral statistics specified by these test functions. We first present
some necessary conditions.

Assume that the diffusion process xt belongs to class C, the drift process μt ≡ 0
and τn,l’s and γt are both nonrandom and independent of wt. Further assume that

(C1) Σ̆n = ΛnΛ
T
n satisfies assumptions (c) and (d) in Definition 1.1. And there

exists C1 < ∞ such that |γt| ≤ C1 for all t ∈ [0, 1].
(C2) cn = p/n → c ∈ (0,∞) as n → ∞;
(C3) The observation times τn,l are independent of xt; moreover, there exists

κ < ∞ such that the observation durations Δτn,l := τn,l − τn,l−1 satisfy

max
n

max
l=1,··· ,n

(nΔτn,l) ≤ κ;

additionally, almost surely, there exists a process νs ∈ C([0, 1];R+) such
that

τn,[ns] → Υs :=

∫ s

0

νrdr

as n → ∞ for all 0 ≤ s ≤ 1, where for any x, [x] stands for its integer part.

The above assumption (C3) on τn,l indicates that as n → ∞, the largest obser-
vation duration should tend to 0 with rate n−1. When the observation times are
equally spaced, this assumption is trivially satisfied. We then have the following
results.

Lemma 2.2. Under (C1)-(C3), as n → ∞, with probability 1, the empirical spec-

tral distribution FΣRCV

converges weakly to a non-random probability distribution
function F c,HΣ̆,ω as specified in Theorem 1.3 with

∫
1

1+q1(z)y
dHΦ(y) replaced by∫ 1

0
1

1+q1(z)(γΥs )
2νs

ds.

Lemma 2.2 is consistent with Proposition 5. in [19].
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Furthermore, let F p/n,HΣ̆n
,HΦn denote the one obtained from F c,HΣ̆,ω

with
(
c,HΣ̆

)
replaced by

(
cn, HΣ̆n

)
and

∫ 1

0
1

1+q1(z)(γΥs )
2νs

ds replaced by∫
1

1+q1(z)x
dHΦn

(x) with HΦn
the empirical distribution of {

∫ τn,l

τn,l−1
nγ2

t dt}nl=1. Then

we have the CLT.
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SEPARABLE SAMPLE COVARIANCE MATRIX 3813

Theorem 2.3. Assume the following additional condition
(C4) Denote λ1 ≥ · · · ≥ λp the eigenvalues of Σ̆. f1, · · · , fκ are analytic on an open
interval containing[

lim inf
n

λp

(
1−

√
c
)2

I(0,1)(c), lim sup
n

κC2
1λ1

(
1 +

√
c
)2 ]

.

Consider the process

Gn := p

(∫
f1(x)dGn(x), · · · ,

∫
fκ(x)dGn(x)

)
,

where

Gn(x) = FΣRCV

(x)− F p/n,HΣ̆n
,HΦn (x).

Under assumptions (C1)–(C4), as n → ∞, Gn converges weakly to a Gaussian
vector (Xf1 , · · · , Xfκ) with mean

(2.2) EXf = − 1

2πi

∮
C

f(z)d̃1(z)(
1− cz−2d̃2(z)d̃3(z)

)2 dz
and covariance function

(2.3) Cov

(
Xf , Xg

)
= − 1

2π2

∮
C1

∮
C2

f(z1)g(z2)
∂2

∂z2∂z1

∫
˜d(z1,z2)

0

1

1− z
dzdz1dz2,

where f, g ∈ {f1, · · · , fκ}, d̃1(z), d̃2(z), d̃3(z) and d̃(z1, z2) are specified in (1.3) with
t replaced by (γΥs

)2νs and dHΦ(t) replaced by ds.

2.1.2. Simulation studies. We demonstrate in this subsection some simulations to
investigate the influence of the time variability of the covolatility process on the
fluctuation of the LSS. It will be shown that even sharing the same ICV matrix,
the LSS of different RCV matrices can obey very different CLTs, depending on the
time variability of the covolatility process.

Following [19], we assume in the simulation below that Λn = Ip. That is, xt

follows (2.1) with γt a deterministic (scalar) process, and Wt a p-dimensional
standard Brownian motion. The observation times are taken to be equidistant:
τn,l = l/n, l = 0, · · · , n. We set two designs as follows.

• Model I: The volatility path follows piecewise constants. More specifically,
γt is set to be

γt =

{√
a× 10−2, t ∈ [0, 1/4) ∪ [3/4, 1],√
b× 10−2, t ∈ [1/4, 3/4),

where a+ b = 8.

When a and b take different values, the covolatility processes are different,
but they share the same ICV matrix.

• Model II: The volatility processes have continuous sample paths. In this
case, γt is set to be

γt =
√
0.0004 + d cos(2πt), t ∈ [0, 1].

When d takes different values, the covolatility processes are different, but
they share the same ICV matrix.

Licensed to Chongqing University. Prepared on Sat Aug 31 22:04:23 EDT 2024 for download from IP 218.70.255.241.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



3814 HUIQIN LI, GUANGMING PAN, YANQING YIN, AND WANG ZHOU

For each model, we compare the empirical distributions of two LSSs of RCV matri-
ces when the parameters take different values. The simulation results are presented
in Figs. 1-4.
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Figure 1. Empirical distributions of traces of square of RCV ma-
trices when a and b take different values under model I. p = 500,
n = 1000. The results are based on repetitions of 10000 times.

It can be seen that the time variability of the covolatility process could affect the
fluctuation of LSS of RCV matrix heavily. The CLT always holds but the limiting
parameters may be different.

2.2. Application on Kronecker channel model. In wireless communication,
the Kronecker-based stochastic model (KBSM) is an important channel model for
massive multiple-input multiple-output (MIMO) systems, see [15]. In KBSM, the
channel matrix H can be expressed as Hn = AnXnBn, where Xn is a p×n matrix
with i.i.d. complex entries with zero-mean and unit-variance, AnA

∗
n and B∗

nBn are
overall spatial correlation matrices at the receiver and transmitter, respectively. We
are interested in the capacity of the channel, which is characterized by Shannon’s
mutual information I(ρ) between the n-dimensional input and p-dimensional output
signals. Assuming that the input signal is circularly symmetric complex Gaussian
with covariance matrix (ρ/n)In, ρ ∈ (0,∞), the mutual information is then given
by

I(ρ) = log det(
ρ

n
HnH

∗
n + Ip).

The asymptotic behaviors of I(ρ) under the framework that n and p tend to infinity
at the same rate have been considered by many authors. For instance, when An =
Ip,B = In and the entries of Xn follow normal distribution, the fluctuation of
I(ρ) is established in [10]. For non-Gaussian matrix Xn, we refer the reader to
[2, 5]. The case where An and Bn are both diagonal is considered in [7]. Recently,
[8] obtained the fluctuation of I(ρ) when Bn = In and the columns of Xn follow
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Figure 2. Empirical distributions of traces of the fourth-power of
RCV matrices when a and b take different values under model I.
p = 500, n = 1000. The results are based on repetitions of 10000
times.
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Figure 3. Empirical distributions of traces of the fourth-power
of RCV matrices when d takes different values under model II.
p = 500, n = 1000. The results are based on repetitions of 10000
times.
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Figure 4. Empirical distributions of traces of the fourth-power
of RCV matrices when d takes different values under model II.
p = 500, n = 1000. The results are based on repetitions of 10000
times.

elliptical distribution. In this section, by virtue of our theoretical results, we shall
give a theorem on I(ρ) without the assumption that Bn = In. This is a significant
improvement both on theoretical and practice as we allow more general correlation
structure between the entries of the channel matrixHn. Formally, we have Theorem
2.4.

Theorem 2.4. Assume that (a)-(d) are satisfied with uj
i.i.d.∼ UC(S

p−1), and define
the central term

C(ρ) := p

∫
log(1 + ρx)dF cn,HΣn ,HΦn .

We have
I(ρ)− C(ρ)

D→ N(μρ,HΣ,HΦ
, σ2

ρ,HΣ,HΦ
),

where the limiting mean

μρ,HΣ,HΦ
= − 1

2πi

∮
C
log(1 + ρz)d4(z)dz −

1

2πi

∮
C
log(1 + ρz)d5(z)dz,

and

σ2
ρ,HΣ,HΦ

= − 1

4π2

∮
C1

∮
C2

log(1 + ρz1) log(1 + ρz2)
∂2

∂z2∂z1

∫ d(z1,z2)

0

1

1− z
dzdz1dz2

− lim
n→∞

τ − 1

4π2p

n∑
j=1

∮
C1

∮
C2

log(1 + ρz1) log(1 + ρz2)
∂

∂z1

(
eTj G�(z1)ej

)
· ∂

∂z2

(
eTj G�(z2)ej

)
dz1dz2.

This theorem is an easy consequence of Theorem 1.4, thus we omit its proof.
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3. Proof of theoretical results

This section is devoted to the proofs of main theorems. The proof of Theorem
1.3 will be presented in Section 3.1. And the rest part of this section will give the
proof of Theorem 1.4.

3.1. Proof of Theorem 1.3. We first deal with the proof of the theorem on LSD.
By definition, the random vectors uj can be expressed as uj =

yj

‖yj‖ with yj ∼
N(0, Ip). Thus, we have xj =

ρjyj

‖yj‖ . Let Yn = (y1, · · · ,yn), so

Xn = Yn Diag

(
ρ1

‖y1‖
, · · · , ρn

‖yn‖

)
� YnCn.

Note the spectral decomposition ofA∗
nAn=U∗

nΛnUn, whereΛn=Diag(λ1, · · · , λp)
with λj , 1 ≤ j ≤ p being the eigenvalues of A∗

nAn. By the orthogonal property of
Gaussian random vector, we shall redefine and investigate the properties of

Sn
d
=
1

n
B∗

nX
∗
nΛnXnBn =

1

n
B∗

nCnY
∗
nΛnYnCnBn.

The proof of the theorem on LSD is mainly based on comparing the eigenvalues of
Sn with those of 1

nB
∗
nY

∗
nΛnYnBn since the LSD of the latter one is known to us.

Notice that by Lemma 4.2, ‖C2
n − I‖ → 0, a.s. Thus we have

‖Sn − 1

n
B∗

nY
∗
nΛnYnBn‖

≤‖Cn − I‖‖ 1
n
B∗

nY
∗
nΛnYnBn‖‖Cn‖+ ‖Cn − I‖‖ 1

n
B∗

nY
∗
nΛnYnBn‖ a.s.−−→ 0.

Then this theorem follows from Weyl’s inequality and Theorem 1.2.1 of [18].
Then, we shall present the proof of the theorem on CLT for LSS. The main

strategy is to apply the CLT for martingale.

3.2. The proof of Theorem 1.4. Mow, we shall present the proof of the theorem
on CLT for LSS. The proof is based on the procedure developed in [2] and the main
strategy is to apply the CLT for martingale.

Rewrite for z ∈ C+, Mn(z) = n[mn(z)−m0
n(z)], where

mn(z) = mFSn (z), m0
n(z) = mF cn,HΣn

,HΦn
(z),

mn(z) = mF Sn (z), m0
n(z) = m

F
cn,HΣn

,HΦn
(z).

Moreover
(
m0

n(z), g
0
1n(z), g

0
2n(z)

)
satisfies equation (1.2) with (c,H1, H2) replaced

by (cn, HΣn
, HΦn

). In other words, we have

(3.1)

⎧⎪⎨⎪⎩
m0

n(z) = −z−1
∫

1
1+g0

1n(z)y
dHΦ(y),

m0
n(z) = −z−1

∫
1

1+g0
2n(z)x

dHΣ(x),

m0
n(z) = −z−1 − c−1

n g01n(z)g
0
2n(z).

Furthermore, one has

zg01n(z) = −cn

∫
x

1 + g02n(z)x
dHΣ(x),(3.2)

zg02n(z) = −
∫

y

1 + g01n(z)y
dHΦ(y).(3.3)
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Let v0 be any positive number, xr ∈ (lim supn λ1λ
Φn
max (1 +

√
c)

2
,∞). Let xl be

any negative number if the left end point of interval (1.4) is zero. Otherwise choose

xl ∈
(
0, lim infn λpλ

Φn

minI(0,1)(c) (1−
√
c)

2
)
. Let Cu = {x+ iv0 : x ∈ [xl, xr]} . De-

fine the contour C = {xl + iv : v ∈ [0, v0]} ∪ Cu ∪ {xr + iv : v ∈ [0, v0]} . To avoid
dealing with the small 
z, we truncate Mn(z) on a contour C of the complex plane.

We define now the subset Cn of C on which Mn(·) agrees with M̂n(·). Choose
a sequence {εn} decreasing to zero satisfying for some α ∈ (0, 1), εn ≥ n−α.
Let Cl =

{
xl + iv : v ∈ [n−1εn, v0]

}
and Cr =

{
xr + iv : v ∈ [n−1εn, v0]

}
. Then

Cn = Cl ∪ Cu ∪ Cr. For z = x+ iv, the process M̂n(·) can now be defined as

(3.4) M̂n(·) =

⎧⎪⎨⎪⎩
Mn(z), for z ∈ Cn,
Mn(xl + in−1εn), for x = xl, v ∈ [0, n−1εn],

Mn(xr + in−1εn), for x = xr, v ∈ [0, n−1εn].

We are going to present the following CLT for the truncated process M̂n(·).

Lemma 3.1. Under the assumptions of Theorem 1.4, M̂n(z) converges weakly to
a two-dimensional Gaussian process M(·) satisfying for z ∈ C,

EM(z) = (2− β)
d1(z)

(1− cz−2d2(z)d3(z))
2 + d4(z).

And for z1, z2 ∈ C ∪ C with C = {z̄ : z ∈ C},

Cov

(
M(z1),M(z2)

)
= (3− β)

∂2

∂z2∂z1

∫ d(z1,z2)

0

1

1− z
dz

+ lim
n→∞

τ − 3 + β

p

n∑
j=1

∂

∂z1

(
eTj G�(z1)ej

) ∂

∂z2

(
eTj G�(z2)ej

)
.

It will be shown in the next subsection that Theorem 1.4 will directly follow once
Lemma 3.1 is verified.

To prove Lemma 3.1, we decompose the Stieltjes transform into several parts.
One of these parts is coincident with the ICS case and the other parts are due to
the dependence in elliptical distribution. Denote Mn = B−1

n C−1
n Bn,

J(z) =
1

n
B∗

nY
∗
nΛnYnBn − zIn, H(z) =

1

n
B∗

nY
∗
nΛnYnBn − zM∗

nMn.

Notice that for any invertible matrices A0 and B0,

(3.5) A−1
0 −B−1

0 = A−1
0 (B0 −A0)B

−1
0 .

Then we obtain that

H−1(z)− J−1(z)

= zJ−1(z) (M∗M− In)J
−1(z) + z2

(
J−1(z) (M∗M− In)

)2
H−1(z)

= zJ−1(z) (M∗M− In)J
−1(z) + z2

(
J−1(z) (M∗M− In)

)2
J−1(z)

+ z3
(
J−1(z) (M∗M− In)

)3
H−1(z).
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Hence, it yields that

nmF Sn (z) = tr(Sn − zIn)
−1 = tr

(
H−1

)
+ tr

(
H−1 (M∗

nMn − In)
)

= tr
(
J−1(z)

)
+ tr

(
J−1 (M∗

nMn − In)
)
+ z tr

(
J−2(z) (M∗M− In)

)
+ z tr

[
J−1(z) (M∗M− In)

]2
+ z2 tr

[(
J−1(z) (M∗M− In)

)2
J−1(z)

]
+ z2 tr

{[
J−1(z) (M∗M− In)

]2
H−1(z) (M∗M− In)

}
+ z3 tr

[(
J−1(z) (M∗M− In)

)3
H−1(z)

]
=:I(z) + II(z),

where

I(z) = tr
(
J−1(z)

)
− E tr

(
J−1(z)

)
+ tr

(
J−1 (M∗

nMn − In)
)

− E tr
(
J−1 (M∗

nMn − In)
)

+ z tr
(
J−2(z) (M∗M− In)

)
− z E tr

(
J−2(z) (M∗M− In)

)
,

and

II(z) = E tr
(
J−1(z)

)
+ E tr

(
J−1 (M∗

nMn − In)
)
+ z E tr

(
J−2(z) (M∗M− In)

)
+ z tr

[
J−1(z) (M∗M− In)

]2
+ z2 tr

[(
J−1(z) (M∗M− In)

)2
J−1(z)

]
+ z2 tr

{[
J−1(z) (M∗M− In)

]2
H−1(z) (M∗M− In)

}
+ z3 tr

[(
J−1(z) (M∗M− In)

)3
H−1(z)

]
.

Then we have that

Mn(z) = I(z) + II(z)− nm0
n(z).

As will be shown, I(z) determines the Gaussian fluctuation ofMn(z) and II(z)−
nm0

n(z) yields the expectation of Mn(z).
In the rest of this subsection, we will firstly truncate the variable, then show

that II(z)−nm0
n(z) converges to a limit and find the limiting distribution of I(z).

Finally, we finish the proof of Theorem 1.4.

3.2.1. Truncation. We first truncate the variable at a proper order to control the
high order moments. The procedure is similar to Section 5.2 in [9]. However, we
give the sketch of this step here for the convenience of readers. Firstly, by the
assumption supp E |(ρ2 − p)/

√
p|2+ε < ∞, for some positive constant ε, we shall

choose a sequence δn with

δn → 0, δnp
1/2 → ∞.

Then let ρ̂j = ρjI(|ρ2j − p| ≤ δnp), j = 1, · · · , n, We have

P ((ρ1, · · · , ρn) 	= (ρ̂1, · · · , ρ̂n)) ≤ nδ−2
n p−2 E

((
ρ2j − p

)2
I
(
|ρ2j − p| > δnp

))
→ 0.

Secondly, let σ2
n = E(ρ̂21)/p and define ρ̃j = ρ̂j = ρ̂j/σn for j = 1, · · · , n. One finds

E(ρ̃21) = p and E(ρ̃4j) = p2 + τp+ o(p). Also, we can show that the limiting distri-
bution of Mn(z) will not be affected by replacing (ρ̂1, · · · , ρ̂n) with (ρ̃1, · · · , ρ̃n).
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To conclude, in the rest of the proof, we shall assume that the variable ρj , q ≤
j ≤ n has been truncated and satisfies

(3.6) |ρ2j − p| ≤ δnp.

3.2.2. The limit of II(z) − nm0
n(z). We now introduce some necessary notation

that is useful in the proof below. Denote qk = B∗
nY

∗
nek,

D=B−1
n

[
diag

(
‖y1‖2

ρ21
, · · · , ‖yn‖2

ρ2n

)
−In

]
Bn=

p∑
k=1

Dk, Jk(z)=J(z)− 1

n
λkqkq

∗
k,

Dk = D− Dk, Dk = B−1
n

[
diag

(
y2k1
ρ21

, · · · , y
2
kn

ρ2n

)
− 1

p
In

]
Bn.

Define g2n(z) =
1
n E tr

(
J−1(z)Φn

)
,

εk(z) = q∗
kJ

−1
k (z)qk − tr(J−1

k (z)Φn), γk(z) = q∗
kJ

−2
k (z)qk − tr(J−2

k (z)Φn),

βk(z) =
1

1 + n−1λkq∗
kJ

−1
k (z)qk

, β̃k(z) =
1

1 + n−1λk tr(J
−1
k (z)Φn)

,

bk(z) =
1

1 + n−1λk E tr(J−1
k (z)Φn)

, ψk(z) =
1

1 + λk E g2n(z)
.

To obtain the limit of II(z)− nm0
n(z), we rewrite that

II(z)− nm0
n(z)

= E tr
(
J−1(z)

)
−nm0

n(z)+E tr
(
J−1 (M∗

nMn−In)
)
+z E tr

(
J−2(z) (M∗

nMn−In)
)

+ z tr
[
J−1(z) (M∗

nMn − In)
]2

+ z2 tr
[(
J−1(z) (M∗

nMn − In)
)2

J−1(z)
]

+ z2 tr
{[

J−1(z) (M∗
nMn − In)

]2
H−1(z) (M∗

nMn − In)
}

+ z3 tr
[(
J−1(z) (M∗

nMn − In)
)3

H−1(z)
]
.

Firstly, we will deal with the last two terms of the right-hand side of the above

equality. We shall prove that the moments of βk(z), β̃k(z), ‖J−1(z)‖, and ‖J−1
k (z)‖

are all bounded in n with z ∈ Cn. It can also be verified that
∥∥H−1(z)

∥∥ ≤ C in
probability, and |bk(z)| ≤ C. Using Taylor’s expansion, we get

Mn = In +
1

2
D− 1

8
D2(1 + o(1)).

This implies that
(3.7)

M∗
nMn− In =

1

2
D+

1

2
D∗− 1

8
D2(1+ o(1))+

1

4
D∗D(1+ o(1))− 1

8
(D∗)2 (1+ o(1)).

By Lemma 4.2 and (3.7), we have∣∣∣∣∣z2 tr{[J−1(z) (M∗
nMn − In)

]2
H−1(z) (M∗

nMn − In)
}

+ z3 tr
[(
J−1(z) (M∗

nMn − In)
)3

H−1(z)
] ∣∣∣∣∣

≤ Cn ‖D‖3 (1 + o(1)) ≤ C√
n
→ 0.
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Next, we will show that

tr
[
J−1(z) (M∗

nMn − In)
]2 − E tr

[
J−1(z) (M∗

nMn − In)
]2 p→ 0.

It follows from (3.7) that

tr
[
J−1(z) (M∗

nMn − In)
]2

=
1

4
tr
(
J−1(z)D

)2
(1 + o(1)) +

1

4
tr
(
J−1(z)D∗)2 (1 + o(1))

+
1

2
tr
(
J−1(z)DJ−1(z)D∗) (1 + o(1)).

Hence, it suffices to show that

(3.8) tr
(
J−1(z)D

)2 − E tr
(
J−1(z)D

)2 p→ 0.

The proof is postponed to Appendix A. Moreover, following the same lines, we can
get the similar conclusion

tr
[(
J−1(z) (M∗

nMn − In)
)2

J−1(z)
]
− E

[(
J−1(z) (M∗

nMn − In)
)2

J−1(z)
]

p→ 0.

Hence, II can be rewritten as

II(z)
= E tr

(
J−1(z)

)
− nm0

n(z) + E tr
(
J−1(z) (M∗

nMn − In)
)

+ z E tr
(
J−2(z) (M∗

nMn − In)
)

+ z E tr
[
J−1(z) (M∗

nMn − In)
]2

+ z2 E tr
[(
J−1(z) (M∗

nMn − In)
)2

J−1(z)
]
+ op(1)

= E tr
(
J−1(z)

)
− nm0

n(z) + II1(z) + II2(z) + II3(z) + II4(z) + op(1).(3.9)

In [4] it is shown that

(3.10) E tr
(
J−1(z)

)
− nm0

n(z) → (2− β)
d1(z)

[1− cz−2d2(z)d3(z)]
2 .

Thus the analysis of II(z) can be decomposed into the following four steps.

Step 1 (The limit of II1(z)). By (3.7), we get

II1(z) =
1

2
E tr

(
J−1(z)D

)
+

1

2
E tr

(
J−1(z)D∗)− 1

8
E tr

(
J−1(z)D2

)
(1 + o(1))

+
1

4
E tr

(
J−1(z)D∗D

)
(1 + o(1))− 1

8
E tr

(
J−1(z) (D∗)

2
)
(1 + o(1)).

Using

(3.11) J−1(z) = J−1
k (z)− 1

n
λkβk(z)J

−1
k (z)qkq

∗
kJ

−1
k (z),
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one can derive that

E tr
(
J−1(z)D

)
=

p∑
k=1

E tr
(
J−1(z)Dk

)
=

p∑
k=1

n∑
j=1

E

(
1

ρ2j
− 1

p

)
E
(
eTj BnJ

−1
k (z)B−1

n ej
)

− 1

n

p∑
k=1

n∑
j=1

E

(
1

ρ2j
− 1

p

)
E
(
λkβk(z)|ykj |2q∗

kJ
−1
k (z)B−1

n eje
T
j BnJ

−1
k (z)qk

)
− 1

pn

p∑
k=1

n∑
j=1

E
[
λkβk(z)

(
|ykj |2 − 1

)
q∗
kJ

−1
k (z)B−1

n eje
T
j BnJ

−1
k (z)qk

]
.

Applying the Taylor expansion to get that when (x− p) → 0,

(3.12)
1

x
=

1

p
− x− p

p2
+

(x− p)2

p3
(1 + o(1)),

we have

(3.13) E

(
1

ρ2j
− 1

p

)
=

1

p3
E
(
ρ2j − p

)2
(1 + o(1)) =

τ + o(1)

p2
,

and

(3.14) E

(
1

ρ2j
− 1

p

)2

=
1

p4
E
(
ρ2j − p

)2
(1 + o(1)) =

τ + o(1)

p3
.

By (3.13), one can derive that∣∣∣∣∣∣ 1n
p∑

k=1

n∑
j=1

E

(
1

ρ2j
− 1

p

)
E
(
λkβk(z)|ykj |2q∗

kJ
−1
k (z)B−1

n eje
T
j BnJ

−1
k (z)qk

)∣∣∣∣∣∣
≤ C

n

p∑
k=1

n∑
j=1

∣∣∣∣∣E
(

1

ρ2j
− 1

p

)∣∣∣∣∣E ∣∣βk(z)|ykj |2q∗
kJ

−1
k (z)B−1

n eje
T
j BnJ

−1
k (z)qk

∣∣
≤ C

np2

p∑
k=1

n∑
j=1

E1/2
∣∣q∗

kJ
−1
k (z)B−1

n eje
T
j BnJ

−1
k (z)qk

∣∣2 E1/4 |ykj |8 E1/4 |βk(z)|4

≤ C

n
→ 0.

Hence, we see that

E tr
(
J−1(z)D

)
= − 1

pn

p∑
k=1

n∑
j=1

E
[
λkβk(z)

(
|ykj |2 − 1

)
q∗
kJ

−1
k (z)B−1

n eje
T
j BnJ

−1
k (z)qk

]
+

τ

p
E tr

(
J−1(z)

)
+ o(1).

Using (5.17) in [4],

(3.15) E |βk(z)− ψk(z)|2 = O(n−1),
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and

E
(
eTkYnR1Y

∗
nek − tr (R1)

) (
eTkYnR2Y

∗
nek − tr (R2)

)
= tr (R1R2) + |E y2k1| tr

(
R1R

T
2

)
,

one obtains that

E tr
(
J−1(z)D

)
= − 1

pn

p∑
k=1

n∑
j=1

λkψk(z)E
[(
|ykj |2 − 1

)
q∗
kJ

−1
k (z)B−1

n eje
T
j BnJ

−1
k (z)qk

]

+
τ

p
E tr

(
J−1(z)

)
+ o(1)

= −1 + |E y211|
pn

p∑
k=1

n∑
j=1

λkψk(z) E

[ (
eTj BnJ

−1(z)B∗
neje

T
j BnJ

−1
k (z)B−1

n ej
) ]

+
τ

p
E tr

(
J−1(z)

)

− 1+|E y211|
pn2

p∑
k=1

n∑
j=1

λ2
kψk(z) E

[
βk(z)

(
eTj BnJ

−1
k (z)qkq

∗
kJ

−1
k (z)B∗

neje
T
j BnJ

−1
k (z)B−1

n ej

) ]

+ o(1)

= −1 + |E y211|
pn

p∑
k=1

n∑
j=1

λkψk(z) E
(
eTj BnJ

−1(z)B∗
neje

T
j BnJ

−1(z)B−1
n ej

)

+
τ

p
E tr

(
J−1(z)

)
+ o(1),

where the first equality is due to the fact that∣∣∣∣∣∣ 1pn
p∑

k=1

n∑
j=1

λk E
[
(βk(z)− ψk(z))

(
|ykj |2 − 1

)
q∗
kJ

−1
k (z)B−1

n eje
T
j BnJ

−1
k (z)qk

]∣∣∣∣∣∣
≤ C

pn

p∑
k=1

n∑
j=1

E1/2 |βk(z)− ψk(z)|2 E1/2
∣∣|ykj |2 − 1

∣∣4 ≤ C√
n
→ 0,

and the last second equality is from the fact that∣∣∣∣∣ 2

pn2

p∑
k=1

n∑
j=1

λ2
kψk(z) E

[
βk(z)

(
eT
j BnJ

−1
k (z)qkq

∗
kJ

−1
k (z)B∗

neje
T
j BnJ

−1
k (z)B−1

n ej

) ]∣∣∣∣∣
≤ C

pn2

p∑
k=1

n∑
j=1

E1/2
∣∣∣q∗

kJ
−1
k (z̄)B∗

neje
T
j BnJ

−1
k (z)qk

∣∣∣2 E1/4 |βk(z)|4 E1/4
∥∥J−1

k (z)
∥∥4

≤ C

n
→ 0.

Hence, we get that

E tr
(
J−1(z)D

)
= −1 + |E y211|

pn

p∑
k=1

n∑
j=1

λkψk(z) E
(
eTj BnJ

−1(z)B∗
neje

T
j BnJ

−1(z)B−1
n ej

)
+

τ

p
E tr

(
J−1(z)

)
+ o(1).
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Let W(z) = 1
n

∑n
j=1 λjψj(z)Φn − zIn. It has been proved that

∥∥W−1(z)
∥∥ is

uniformly bounded on Cn and

(3.16) |ψk(z)−
1

1 + λkg02n(z)
| = o(1).

It follows from (3.16) that

E tr
(
J−1(z)D

)
=

zg01n(z)
(
1 + |E y211|

)
p

n∑
j=1

E
(
eTj BnJ

−1(z)B∗
neje

T
j BnJ

−1(z)B−1
n ej

)
+

τ

p
E tr

(
J−1(z)

)
+ o(1).

From the Supplement A of [4], we know that

E
(
eTj BnJ

−1(z)B∗
neje

T
j BnJ

−1(z)B−1
n ej

)
= eTj BnW

−1(z)B∗
neje

T
j BnW

−1(z)B−1
n ej + o(1).

Therefore, we conclude that

E tr
(
J−1(z)D

)
→ lim

n→∞

g1(z)
(
1 + |E y211|

)
zp

n∑
j=1

eTj BnB
∗
nG�(z)eje

T
j G�(z)ej + τc−1m(z)

= lim
n→∞

1 + |E y211|
zp

trG�(z)− lim
n→∞

1 + |E y211|
zp

n∑
j=1

[
eTj G�(z)ej

]2
+ τc−1m(z)

=
(
τ − 1− |E y211|

)
c−1m(z)− lim

n→∞

1 + |E y211|
zp

n∑
j=1

[
eTj G�(z)ej

]2
.

By the same argument, we can also get that

E tr
(
J−1(z)D∗)

=
(
τ − 1− |E y211|

)
c−1m(z)− lim

n→∞

1 + |E y211|
zp

n∑
j=1

[
eTj G�(z)ej

]2
.

Appendix B shows that

− 1

8
E tr

(
J−1(z)D2

)
+

1

4
E tr

(
J−1(z)D∗D

)
− 1

8
E tr

(
J−1(z) (D∗)

2
)

→ −τ + 1 + |E y211|
4c

m(z)

− lim
n→∞

τ + 1 + |E y211|
4zp

n∑
j=1

eTj (BnB
∗
n)

−1 eje
T
j BnB

∗
nG�(z)ej .
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Together with the above three equalities, we find that

II1(z) →
(
3

4
τ − 5

4

(
1 + |E y211|

))
c−1m(z)− lim

n→∞

1 + |E y211|
zp

n∑
j=1

[
eTj G�(z)ej

]2
− lim

n→∞

τ + 1 + |E y211|
4zp

n∑
j=1

eTj (BnB
∗
n)

−1 eje
T
j BnB

∗
nG�(z)ej .

Step 2 (The limit of II2(z)). It is obvious that

II2(z) = z
∂II1(z)

∂z

=
z

c

(
3

4
τ − 5

4

(
1 + |E y211|

)) ∂m(z)

∂z
+ lim

n→∞

1 + |E y211|
pz

n∑
j=1

[
eTj G�(z)ej

]2
− lim

n→∞

(
1 + |E y211|

)
p

n∑
j=1

∂
{[

eTj G�(z)ej
]2}

∂z

+ lim
n→∞

τ + 1 + |E y211|
4zp

n∑
j=1

eTj (BnB
∗
n)

−1 eje
T
j BnB

∗
nG�(z)ej

− lim
n→∞

τ + 1 + |E y211|
4p

n∑
j=1

∂
{
eTj (BnB

∗
n)

−1
eje

T
j BnB

∗
nG�(z)ej

}
∂z

.

Step 3 (The limit of II3(z)). Rewrite

tr
[
J−1(z) (M∗

nMn − In)
]2

=
[1
4
tr
(
J−1(z)D

)2
+

1

4
tr
(
J−1(z)D∗)2

+
1

2
tr
(
J−1(z)DJ−1(z)D∗) ](1 + o(1)).

By (3.11), we have

E tr
(
J−1(z)D

)2
=

p∑
k=1

E tr
(
J−1
k (z)DkJ

−1
k (z)Dk

)
+

p∑
k=1

E tr
(
J−1
k (z)DkJ

−1
k (z)Dk

)
− 1

n

p∑
k=1

λk E
(
βk(z)q

∗
kJ

−1
k (z)DkJ

−1
k (z)DJ−1

k (z)qk

)
− 1

n

p∑
k=1

λk E
(
βk(z)q

∗
kJ

−1
k (z)DJ−1

k (z)DkJ
−1
k (z)qk

)
+

1

n2

p∑
k=1

λ2
k E
(
β2
k(z)q

∗
kJ

−1
k (z)DJ−1

k (z)qkq
∗
kJ

−1
k (z)DkJ

−1
k (z)qk

)
.

It follows from (A.1) that

(3.17) E ‖Dk‖
 = max
j=1,··· ,n

E

∣∣∣∣∣ |ykj |2ρ2j
− 1

p

∣∣∣∣∣



≤ C

p

.
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Using Lemma 4.1, Lemma 4.5, and (3.17), one gets that∣∣∣∣∣ 1n
p∑

k=1

λk E
(
βk(z)q

∗
kJ

−1
k (z)

(
DkJ

−1
k (z)D+DJ−1

k (z)Dk

)
J−1
k (z)qk

)∣∣∣∣∣
≤ C

n

p∑
k=1

E
(
|βk(z)q

∗
kqk|

∥∥J−3
k (z)DkD

∥∥)
≤ C

n

p∑
k=1

E1/4 |βk(z)|4 E1/4 |q∗
kqk|4 E1/4

∥∥J−1
k (z)

∥∥12 E1/8 ‖Dk‖8 E1/8 ‖D‖8 → 0,

and∣∣∣∣∣ 1n2

p∑
k=1

λ2
k E
(
β2
k(z)q

∗
kJ

−1
k (z)DJ−1

k (z)qkq
∗
kJ

−1
k (z)DkJ

−1
k (z)qk

)∣∣∣∣∣
≤ C

n2

p∑
k=1

E1/4 |βk(z)|8 E1/4 |q∗
kqk|8 E1/4

∥∥J−1
k (z)

∥∥16 E1/8 ‖Dk‖8 E1/8 ‖D‖8 → 0.

Hence, it yields that
(3.18)

E tr
(
J−1(z)D

)2
=

p∑
k=1

E tr
(
J−1
k (z)DkJ

−1
k (z)Dk

)
+

p∑
k=1

E tr
(
J−1
k (z)DkJ

−1
k (z)Dk

)
+ o(1).

By (3.13), (3.14), and Lemma 4.6, we have

p∑
k=1

E tr
(
J−1
k (z)DkJ

−1
k (z)Dk

)
=

1 + |E y211|
p

n∑
j=1

E
(
eTj BnJ

−1(z)B−1
n eje

T
j BnJ

−1(z)B−1
n ej

)
+ o(1),

and

p∑
k=1

E tr
(
J−1
k (z)DkJ

−1
k (z)Dk

)
=

τ

p

n∑
j=1

E
(
eTj BnJ

−1(z)B−1
n eje

T
j BnJ

−1(z)B−1
n ej

)
+ o(1),

where the details can be found in the proof of (B.1). From the supplement of [4],
one can get that

E tr
(
J−1(z)D

)2
=→ lim

n→∞

τ + 1 + |E y211|
pz2

n∑
j=1

(
eTj G�(z)ej

)2
.

Thus

E tr
(
J−1(z)D∗)2 → lim

n→∞

τ + 1 + |E y211|
pz2

n∑
j=1

(
eTj G�(z)ej

)2
,
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and

E tr
(
J−1(z)DJ−1(z)D∗)

→ lim
n→∞

τ + 1 + |E y211|
z2p

n∑
j=1

eTj (B∗
n)

−1
G�(z)eje

T
j BnG�(z)B∗

nej .

Consequently, we get that

tr

[
J−1(z) (M∗

nMn − In)

]2
→ lim

n→∞

τ + 1 + |E y211|
2pz2

n∑
j=1

(
eTj G�(z)ej

)2
+ lim

n→∞

τ + 1 + |E y211|
2z2p

n∑
j=1

eTj (B∗
n)

−1
G�(z)B−1

n eje
T
j BnG�(z)B∗

nej .

Thus,

II3(z) → lim
n→∞

τ + 1 + |E y211|
2pz

n∑
j=1

(
eTj G�(z)ej

)2
+ lim

n→∞

τ + 1 + |E y211|
2zp

n∑
j=1

eTj (B∗
n)

−1
G�(z)B−1

n eje
T
j BnG�(z)B∗

nej .

Step 4 (The limit of II4(z)). We have

II4(z)

=
z2

2

∂
{
tr
[
J−1(z) (M∗

nMn − In)
]2}

∂z

= lim
n→∞

τ + 1 + |E y211|
4p

n∑
j=1

∂
{(

eTj G�(z)ej
)2}

∂z

− lim
n→∞

τ + 1 + |E y211|
2pz

n∑
j=1

(
eTj G�(z)ej

)2
− lim

n→∞

τ + 1 + |E y211|
2zp

n∑
j=1

eTj (B∗
n)

−1
G�(z)eje

T
j BnG�(z)B∗

nej

+ lim
n→∞

τ + 1 + |E y211|
4p

n∑
j=1

∂
[
eTj (B∗

n)
−1

G�(z)B−1
n eje

T
j BnG�(z)B∗

nej

]
∂z

.

Combining (3.9), (3.10) and the argument above (Steps 1-4), we conclude that

II(z) → (2− β)
d1(z)

[1− cz−2d2(z)d3(z)]
2 + d4(z) + (β − 1)d5(z).
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3.2.3. The limiting distribution of I(z). Now we deal with the term I(z). Recall
that

I(z) =
[
tr
(
J−1(z)

)
− E tr

(
J−1(z)

)]
+
[
tr
(
J−1 (M∗

nMn − In)
)
− E tr

(
J−1 (M∗

nMn − In)
)]

+ z
[
tr
(
J−2(z) (M∗M− In)

)
− E tr

(
J−2(z) (M∗M− In)

)]
= I1(z) + I2(z) + I3(z).

By (3.7), we have that

tr
[
J−1(z) (M∗

nMn − In)
]

=
1

2
tr
(
J−1(z)D

)
+

1

2
tr
(
J−1(z)D∗)− 1

8
tr
(
J−1(z)D2

)
(1 + o(1))

+
1

4
tr
(
J−1(z)D∗D

)
(1 + o(1))− 1

8
tr
(
J−1(z) (D∗)2

)
(1 + o(1)).

Then following the same procedures as in Appendix A, we shall obtain that

tr
(
J−1(z)D2

)
− E tr

(
J−1(z)D2

)
= op(1),

tr
(
J−1(z)D∗D

)
− E tr

(
J−1(z)D∗D

)
= op(1),

tr
(
J−1(z) (D∗)

2
)
− E tr

(
J−1(z) (D∗)

2
)
= op(1).

Hence,

I2(z) =
1

2

[
tr
(
J−1(z)D

)
− E tr

(
J−1(z)D

)]
(3.19)

+
1

2

[
tr
(
J−1(z)D∗)− E tr

(
J−1(z)D∗)]+ op(1)

=
1

2
I21(z) +

1

2
I22(z) + op(1).

Using (3.11), one can rewrite I21 as

I21(z) =
p∑

k=1

(Ek −Ek−1) tr
(
J−1
k (z)Dk

)
(3.20)

− 1

n

p∑
k=1

(Ek −Ek−1)λkβk(z)q
∗
kJ

−1
k (z)DkJ

−1
k (z)qk

− 1

n

p∑
k=1

(Ek −Ek−1)λkβk(z)q
∗
kJ

−1
k (z)DkJ

−1
k (z)qk

+

p∑
k=1

n∑
j=1

(E0 −E)

(
1

ρ2j
− 1

p

)
E
(
|ykj |2eTj BnJ

−1(z)B−1
n ej

)
�

p∑
k=1

(Ek −Ek−1) tr
(
J−1
k (z)Dk

)
−

p∑
k=1

(Qk1(z) +Qk2(z))

+
1

p

n∑
j=1

(
ρ2j − p

)
E
(
eTj BnJ

−1(z)B−1
n ej

)
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+
1

p2

n∑
j=1

[(
ρ2j − p

)2 − τp
]
E
(
eTj BnJ

−1(z)B−1
n ej

)
(1 + op(1)).

We shall assert that the last term in the right-hand side of the last equality tends
to zero in probability. In fact, by (3.6),

E

∣∣∣∣∣∣ 1p2
n∑

j=1

[(
ρ2j − p

)2 − τp
]
E
(
eTj BnJ

−1(z)B−1
n ej

)∣∣∣∣∣∣(3.21)

≤ C

p4

n∑
j=1

E
∣∣∣(ρ2j − p

)2 − τp
∣∣∣2 ≤ C

p4

n∑
j=1

[
δ2np

2 E
(
ρ2j − p

)2
+ τ2p2

]
→ 0.

Now we are in position to show that
∑p

k=1Qk1(z) and
∑p

k=1Qk2(z) are op(1).
Using Lemma 4.8 and (3.17), one finds that

E

∣∣∣∣∣
p∑

k=1

Qk2(z)

∣∣∣∣∣
2

≤ C

n2

p∑
k=1

E
[
(q∗

kqk)
2 ‖Dk‖2

]
≤ C

n2

p∑
k=1

E1/2 (q∗
kqk)

4 E1/2 ‖Dk‖4 → 0.

That is

(3.22)

p∑
k=1

Qk2(z) = op(1).

By

(3.23) βk(z) = β̃k(z)−
1

n
λkβk(z)β̃k(z)εk(z),

it follows that
p∑

k=1

Qk1(z) =
1

n

p∑
k=1

Ek λkβ̃k(z)
(
q∗
kJ

−1
k (z)DkJ

−1
k (z)qk − tr

(
J−1
k (z)DkJ

−1
k (z)Φn

))
− 1

n2

p∑
k=1

(Ek −Ek−1)λ
2
kβk(z)β̃k(z)εk(z)q

∗
kJ

−1
k (z)DkJ

−1
k (z)qk.

Applying Lemma 4.1 and Lemma 4.5, one has that

E

∣∣∣∣∣ 1n
p∑

k=1

Ek λkβ̃k(z)
(
q∗
kJ

−1
k (z)DkJ

−1
k (z)qk − tr

(
J−1
k (z)DkJ

−1
k (z)Φn

))∣∣∣∣∣
2

→ 0,

and

E

∣∣∣∣∣ 1n2

p∑
k=1

(Ek −Ek−1)λ
2
kβk(z)β̃k(z)εk(z)q

∗
kJ

−1
k (z)DkJ

−1
k (z)qk

∣∣∣∣∣
2

→ 0.

Hence, we obtain that

(3.24)

p∑
k=1

Qk1(z) = op(1).
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Combining (3.21), (3.22), (3.24), with (3.20), we deduce that

I21(z) =
1

p

p∑
k=1

n∑
j=1

Ek

(
eTj BnJ

−1
k (z)B−1

n ej
(
|ykj |2 − 1

))
+

1

p

n∑
j=1

(
ρ2j − p

)
eTj Bn EJ−1(z)B−1

n ej + op(1).

By the same argument, we can get that

I22(z) =
1

p

p∑
k=1

n∑
j=1

Ek

(
eTj (B∗

n)
−1 J−1

k (z)B∗
nej
(
|ykj |2 − 1

))
+

1

p

n∑
j=1

(
ρ2j − p

)
eTj Bn EJ−1(z)B−1

n ej + op(1).

Hence,

I2(z) =
1

2p

p∑
k=1

n∑
j=1

Ek

[(
|ykj |2−1

) (
eTj BnJ

−1
k (z)B−1

n ej+eTj (B∗
n)

−1
J−1
k (z)B∗

nej

)]
+

1

p

n∑
j=1

(
ρ2j − p

)
eTj Bn EJ−1(z)B−1

n ej + op(1)

�
p∑

k=1

Qk3(z)−Q4(z) + op(1),

(3.25)

where

Q4(z) =
1

zp

n∑
j=1

(
ρ2j − p

)
eTj
(
g01n(z)BnB

∗
n + In

)−1
ej + o(1).

Because I3 = z ∂
∂zI2, we have

(3.26) I3(z) = z

p∑
k=1

∂

∂z
Qk3(z)− z

∂

∂z
Q4(z) + op(1).

In [4] it is shown that

(3.27) I1(z) = trJ−1(z)− E trJ−1(z) =

p∑
k=1

Wk(z) + op(1),

where Wk(z) = − 1
n Ek

(
∂
∂zλkβ̃k(z)εk(z)

)
. They also show that trJ−1(z) −

E trJ−1(z) converges to a Gaussian process with mean zero and the following co-
variance function

(3− β)
∂2

∂z2∂z1

∫ d(z1,z2)

0

1

1− z
dz.

Combining (3.25), (3.26), and (3.27), one obtains that

I(z) =
p∑

k=1

(
Wk(z) +Qk3(z) + z · ∂

∂z
Qk3(z)

)
−Q4(z)− z

∂

∂z
Q4(z) + op(1).
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Next, we will show for any positive integer r > 0 the sum

r∑
j=1

αjI(zj), 
(zj) > 0

will converge in distribution to a Gaussian random variable.
For any z1, . . . , zr ∈ C+, α1, . . . , αr ∈ R and any ε > 0, we have

p∑
k=1

E

⎛⎝∣∣∣∣∣
r∑


=1

α


(
Qk3(z
)−

1

p
Q4(z
)

)∣∣∣∣∣
2

I

(∣∣∣∣∣
r∑


=1

α


(
Qk3(z
)−

1

p
Q4(z
)

)∣∣∣∣∣ ≥ ε

)⎞⎠
≤C

ε2

p∑
k=1

r∑

=1

α4

 E

∣∣∣∣Qk3(z
)−
1

p
Q4(z
)

∣∣∣∣4
≤ C

ε2p3

p∑
k=1

r∑

=1

n∑
j=1

α4

 E
∣∣∣eTj BnJ

−1
k (z)B−1

n ej + eTj (B∗
n)

−1 J−1
k (z)B∗

nej

∣∣∣4
+

C

ε2p6

r∑

=1

n∑
j=1

α4

 E
∣∣ρ2j − p

∣∣4 → 0.

This implies the satisfaction of Lindberger condition. Next, we derive the limit
of the quadratic variation process, which is a sum involving the following eight
processes:

p∑
k=1

Ek−1 (Wk(z1)Wk(z2)) ,

p∑
k=1

Ek−1 (Qk3(z1)QQ3(z2)) ,

p∑
k=1

Ek−1

(
∂Qk3(z1)

∂z1

∂Qk3(z2)

∂z2

)
,

p∑
k=1

Ek−1 (Wk(z1)Qk3(z2)) ,

p∑
k=1

Ek−1

(
Wk(z1)

∂Qk3(z2)

∂z2

)
,

p∑
k=1

Ek−1

(
Qk3(z1)

∂Qk3(z2)

∂z2

)
,

and

E (Q4(z1)Q4(z2)) , E

(
Q4(z1)

∂Q4(z2)

∂z2

)
.

In fact, it is easy to see that deriving the limits of the following terms is enough

p∑
k=1

Ek−1 (Wk(z1)Qk3(z2)) ,

p∑
k=1

Ek−1 (Qk3(z1)Qk3(z2)) , E (Q4(z1)Q4(z2)) .
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First, let Wk(z) =
1
n

∑n
j �=k=1 λjψj(z)Φn − zIn. It has been proved in [4] that

|β̃k(z1)− 1
1+λkg0

2n(z)
| = op(1). Then by the above equality and (3.16), we have that

p∑
k=1

Ek−1 (Wk(z1)Qk3(z2))

p−→ lim
n→∞

1+|E y211|
pz2

∂

∂z1

(
g1(z1)

n∑
j=1

eTj BnB
∗
nG�(z1)eje

T
j (g1(z2)BnB

∗
n+In)

−1 ej

)
.

Secondly, one finds that

p∑
k=1

Ek−1 (Qk3(z1)Qk3(z2))
p−→ lim

n→∞

1 + |E y211|
pz1z2

n∑
j=1

eTj G�(z1)eje
T
j G�(z2)ej .

Next, we compute to derive that

E (Q4(z1)Q4(z2))
p−→ lim

n→∞

τ

z1z2p

n∑
j=1

eTj G�(z1)eje
T
j G�(z2)ej .

Combining the above results and Lemma 4.4, we then obtain that I(z) converges
weakly to a Gaussian process with mean zero and covariance function

v(z1, z2) = lim
n→∞

τ − 3 + β

p

n∑
j=1

∂
(
eTj G�(z)ej

)
∂z1

∂
(
eTj G�(z)ej

)
∂z2

+ (3− β)
∂2

∂z2∂z1

∫ d(z1,z2)

0

1

1− z
dz.

3.2.4. The tightness of Mn(z). This part is devoted to the tightness of trJ−1(z)−
E
(
trJ−1(z)

)
,
∑n

j=1Qj3(z) and Q4(z). Note that the tightness of trJ−1(z) −
E
(
trJ−1(z)

)
has been proved in Bai et al. (2019) and thus we focus on the latter

two terms.
Now we begin to prove the tightness of

∑n
j=1 Qj3(z). Actually we plan to prove

that

sup
n,z1,z2∈C+

E

∣∣∣∣∣
p∑

k=1

(Qk3(z1)−Qk3(z2))

∣∣∣∣∣
2

/|z1 − z2|2 ≤ K

for some finite constant K. So it suffices to show that

sup
n,z1,z2∈Cn

E

∣∣∣∣∣
p∑

k=1

(Qk3(z1)−Qk3(z2))

∣∣∣∣∣
2

/|z1 − z2|2 ≤ K.

Note that
p∑

k=1

(Qk3(z1)−Qk3(z2))/(z1 − z2)

=
1

2p

n∑
j=1

p∑
k=1

(
|ykj |2 − 1

)
·
(
eTj Bn Ek

(
J−1
k (z1)J

−1
k (z2)

)
B−1

n ej + eTj (B∗
n)

−1 Ek

(
J−1
k (z1)J

−1
k (z2)

)
B∗

nej

)
,

Licensed to Chongqing University. Prepared on Sat Aug 31 22:04:23 EDT 2024 for download from IP 218.70.255.241.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



SEPARABLE SAMPLE COVARIANCE MATRIX 3833

which implies that

E

∣∣∣∣∣
p∑

k=1

(Qk3(z1)−Qk3(z2))

∣∣∣∣∣
2

/|z1 − z2|2 ≤ C

p2

n∑
j=1

p∑
k=1

E
∥∥J−1

k (z1)J
−1
k (z2)

∥∥2 ≤ K.

Next, we shall show the tightness of Q4(z). It suffices to prove

sup
n,z1,z2∈Cn

E |Q4(z1)−Q4(z2)|2/|z1 − z2|2 ≤ K.

After some calculations, we find that

E |Q4(z1)−Q4(z2)|2

|z1 − z2|2
= E

∣∣∣∣∣∣1p
n∑

j=1

(
ρ2j − p

)
eTj Bn E

(
J−1(z1)J

−1(z2)
)
B−1

n ej

∣∣∣∣∣∣
2

≤ C E
∥∥J−1(z1)J

−1(z2)
∥∥2 ≤ K.

So the tightness is proved.

3.2.5. Complete the proof. It is known (see [9]) that for any l, η1 > λ1(1+
√
c)2 and

η2 < λp(1 − √
c)2, the probabilities P

(
λmax

(
1
nAnXnX

∗
nA

∗
n

)
≥ η1

)
= o(n−l) and

P
(
λmin(

1
nAnXnX

∗
nA

∗
n) ≤ η2

)
= o(n−l). Note the bounds λAB

max ≤ λA
maxλ

B
max, and

λAB
min ≥ λA

minλ
B
min that are valid for n×n nonnegative definite A and B. Combining

the definitions of xl and xr, we find that with probability 1, lim infn→∞ min(xr −
λmax(Sn), λmin(Sn) − xl) > 0. Thus, letting ηr ∈ (lim supn λ1λ

Φn
max (1 +

√
c)

2
, xr),

we have for any l>0, P (λmax(Sn)≥ηr)=o(n−l). Likewise, we have P (λmin (Sn)≤ηl)
= o(n−l), where

ηl ∈
{
(xl, lim infn λpλ

Φn

minI(0,1)(c) (1−
√
c)

2
), if lim infn λpλ

Φn

minI(0,1)(c) > 0,

(xl, 0), if lim infn λpλ
Φn

minI(0,1)(c) ≤ 0.

By similar arguments in [4] and [9], combining the results in the above subsections
3.2.2–3.2.4, we complete the proof of Lemma 3.1 and thus Theorem 1.4 follows.

4. Auxiliary lemmas

Here we present some useful lemmas. The proofs of the first two lemmas are
postponed to the appendix.

Lemma 4.1. Under the conditions of Theorem 1.4, for any even k ≥ 2, we have

E ‖D‖k → 0 and max
j=1,··· ,n

E ‖Dj‖k → 0.

Lemma 4.2. Under the conditions of Theorem 1.4, we have

‖C2
n − I‖ → 0 a.s., ‖D‖ = Op(n

−1/2).

Lemma 4.3 (Theorem A.37 in [3]). If A and B are two n × p matrices and λk

and δk, k = 1, 2, · · · , n, denote their singular values respectively, then

min
π

n∑
k=1

|λk − δπ(k)|2 ≤ tr [(A−B)(A−B)∗] ≤ max
π

n∑
k=1

|λk − δπ(k)|2.
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If the singular values are arranged in descending order, then we have

ν∑
k=1

|λk − δk|2 ≤ tr [(A−B)(A−B)∗] ,

where ν = min{p, n}.

Lemma 4.4 (CLT for martingale). Suppose for each n, Yn1, Yn2, · · · , Ynrn with
finite second moments is a real martingale difference sequence with respect to the
increasing σ-fields {Fnj}. If as n → ∞,

(i)

rn∑
j=1

E(Y 2
nj |Fn,j−1)

i.p.−−→ σ2,

where σ2 is a positive constant, and for each ε ≥ 0,

(ii)

rn∑
j=1

E(Y 2
njI(|Ynj ≥ ε|)) → 0,

then
rn∑
j=1

Ynj
D−→ N(0, σ2).

Lemma 4.5 (Lemma B.26 in [2]). Let A = (ajk) be an n × n nonrandom matrix
and x = (x1, · · · , xn)

T be a random vector of independent entries. Assume that
Exj = 0, E |xj |2 = 1 and E |xj |l ≤ νl. Then for k ≥ 1,

E |x∗Ax− trA|k ≤ Ck

[
(ν4 trAA∗)k/2 + ν2k tr (AA∗)k/2

]
,

where Ck is a constant depending on k only.

Lemma 4.6 (Inequality (4.8) in [2]). Let M be an n× n nonrandom matrix. We
have for j ∈ {1, 2, · · · , p},

E
∣∣trJ−1

j M− E trJ−1
j M

∣∣2 ≤ C‖M‖2.

Lemmas 4.7 and 4.8 are trivial.

Lemma 4.7. For rectangular matrices A,B,C,D, we have

|tr (ABCD)| ≤ ‖A‖‖C‖ [tr (BB∗)]
1/2

[tr (DD∗)]
1/2

.

Lemma 4.8. For rectangular matrix A, complex vectors a and b, we have

|a∗Ab| ≤ ‖A‖ (a∗a)1/2 (b∗b)
1/2

.
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Appendix A. The proof of (3.8)

By (3.11), we have that

tr
(
J−1(z)D

)2 − E tr
(
J−1(z)D

)2
=

p∑
k=1

(Ek −Ek−1)
(
tr
(
J−1(z)D

)2 − tr
(
J−1
k (z)Dk

)2)
+ (E0 −E) tr

(
J−1(z)D

)2
=

p∑
k=1

(Ek −Ek−1)

[
tr
(
J−1
k (z)Dk

)2
+ 2 tr

(
J−1
k (z)DkJ

−1
k (z)Dk(z)

)
+

1

n2
λ2
kβ

2
k(z)

(
q∗
kJ

−1
k (z)DkJ

−1
k (z)qk

)2
+

1

n2
λ2
kβ

2
k(z)

(
q∗
kJ

−1
k (z)DkJ

−1
k (z)qk

)2
+

2

n2
λ2
kβ

2
k(z)q

∗
kJ

−1
k (z)DkJ

−1
k (z)qkq

∗
kJ

−1
k (z)DkJ

−1
k (z)qk

− 2

n
λkβk(z)q

∗
kJ

−1
k (z)DkJ

−1
k (z)DkJ

−1
k (z)qk

− 2

n
λkβk(z)q

∗
kJ

−1
k (z)DkJ

−1
k (z)DkJ

−1
k (z)qk

− 2

n
λkβk(z)q

∗
kJ

−1
k (z)DkJ

−1
k (z)DkJ

−1
k (z)qk

− 2

n
λkβk(z)q

∗
kJ

−1
k (z)DkJ

−1
k (z)DkJ

−1
k (z)qk

]
+ (E0 −E) tr

(
J−1(z)D

)2
�

p∑
k=1

(Pk1 + 2Pk2 + Pk3 + Pk4 + 2Pk5 − 2Pk6 − 2Pk7 − 2Pk8 − 2Pk9)

+ (E0 −E) tr
(
J−1(z)D

)2
.

Firstly, by (3.6), it is apparent that∣∣∣∣∣ |ykj |2ρ2j
− 1

p

∣∣∣∣∣ ≤ |ykj |2
∣∣∣∣∣ 1ρ2j − 1

p

∣∣∣∣∣+ 1

p

∣∣|ykj |2 − 1
∣∣

≤ δn
(1− δn)p

|ykj |2 +
1

p

∣∣|ykj |2 − 1
∣∣

≤ 1

p
|ykj |2 +

1

p

∣∣|ykj |2 − 1
∣∣ .(A.1)

Applying Lemma 4.7 and the above inequality, one has that

E

∣∣∣∣∣
p∑

k=1

Pk1

∣∣∣∣∣
2

=

p∑
k=1

E
∣∣∣tr (J−1

k (z)Dk

)2∣∣∣2 ≤ Cn2

p∑
k=1

E ‖Dk‖4

≤ Cn2 max
j=1,··· ,n

p∑
k=1

E

(
|ykj |2
ρ2j

− 1

p

)4

≤ C

n
+

Cn2

p4
max

j=1,··· ,n

p∑
k=1

E
(
|ykj |2 − 1

)4 → 0.
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This yields that

p∑
k=1

Pk1 = Op(1).

Secondly, we deal with
∑p

k=1 Pk2. It follows from Lemma 4.1 and (3.6) that

E

∣∣∣∣∣
p∑

k=1

Pk2

∣∣∣∣∣
2

≤ C

p∑
k=1

E

∣∣∣∣∣∣
n∑

j=1

(
|ykj |2
ρ2j

− 1

p

)
eTj BnJ

−1
k (z)DkJ

−1
k (z)B−1

n ej

∣∣∣∣∣∣
2

≤ C

p∑
k=1

n∑
j=1

n∑

=1

E
(
|ykj |2|yk
|2

)
E

∣∣∣∣∣
(

1

ρ2j
− 1

p

)(
1

ρ2

− 1

p

)∣∣∣∣∣E ‖Dk‖2

+
C

p

p∑
k=1

n∑
j=1

E
∣∣|ykj |2 (|ykj |2 − 1

)∣∣E ∣∣∣∣∣ 1ρ2j − 1

p

∣∣∣∣∣E ‖Dk‖2

+
C

p2

p∑
k=1

n∑
j=1

E
(
|ykj |2 − 1

)2
E ‖Dk‖2

≤ C

p

p∑
k=1

E ‖Dk‖2 → 0.

Thus, we obtain that
∑p

k=1 Pk2 = Op(1).
Thirdly, by (3.23), we get that

p∑
k=1

Pk3

=
1

n2

p∑
k=1

λ2
k (Ek −Ek−1)

[
β̃2
k(z)

(
q∗
kJ

−1
k (z)DkJ

−1
k (z)qk

− tr
(
J−1
k (z)DkJ

−1
k (z)Φn

))2]
+

2

n2

p∑
k=1

λ2
k (Ek−Ek−1)

[
β̃2
k(z)

(
q∗
kJ

−1
k (z)DkJ

−1
k (z)qk−tr

(
J−1
k (z)DkJ

−1
k (z)Φn

))
· tr

(
J−1
k (z)DkJ

−1
k (z)Φn

) ]

− 2

n3

p∑
k=1

λ3
k (Ek −Ek−1)

(
βk(z)β̃

2
k(z)εk(z)

(
q∗
kJ

−1
k (z)DkJ

−1
k (z)qk

)2)
+

1

n4

p∑
k=1

λ4
k (Ek −Ek−1)

(
βk(z)β̃k(z)εk(z)q

∗
kJ

−1
k (z)DkJ

−1
k (z)qk

)2

�J1 + 2J2 − 2J3 + J4.

Licensed to Chongqing University. Prepared on Sat Aug 31 22:04:23 EDT 2024 for download from IP 218.70.255.241.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



SEPARABLE SAMPLE COVARIANCE MATRIX 3837

Due to Lemma 4.1 and Lemma 4.5, we have that

E |J1|2 ≤ C

n4

p∑
k=1

E
∣∣q∗

kJ
−1
k (z)DkJ

−1
k (z)qk − tr

(
J−1
k (z)DkJ

−1
k (z)Φn

)∣∣4
≤ C

n2

p∑
k=1

E ‖Dk‖4 → 0

and

E |J2|2 ≤ C

n3

p∑
k=1

E
∣∣‖Dk‖

(
q∗
kJ

−1
k (z)DkJ

−1
k (z)qk − tr

(
J−1
k (z)DkJ

−1
k (z)Φn

))∣∣2
≤ C

n2

p∑
k=1

E ‖Dk‖4 → 0.

By the Cauchy-Schwarz inequality and Lemma 4.5,

E |J3|2 ≤ C

n6

p∑
k=1

E
[
|εk(z)|2

∣∣q∗
kJ

−1
k (z)DkJ

−1
k (z)qk

∣∣4]
≤ C

n

p∑
k=1

E1/2 ‖Dk‖8 → 0

and

E |J4|2 ≤ C

n8

p∑
k=1

E
∣∣εk(z)q∗

kJ
−1
k (z)DkJ

−1
k (z)qk

∣∣4
≤ C

n2

p∑
k=1

E1/2 ‖Dk‖8 → 0.

Consequently, one has
p∑

k=1

Pk3 = Op(1).

Now, we deal with Pk4 − Pk8. Use Lemma 4.5 to get for any � > 0

(A.2) E (q∗
kqk)


 ≤ C
 E (q∗
kqk − tr (Φn))


 + C
 E (tr (Φn))

 ≤ C
n


.

Using Lemma 4.8, (A.1), and (A.2), we get that

E

∣∣∣∣∣
p∑

k=1

Pk4

∣∣∣∣∣ ≤ C

n2

p∑
k=1

E
∣∣q∗

kJ
−1
k (z)DkJ

−1
k (z)qk

∣∣2
≤ C

n2

p∑
k=1

E (‖Dk‖q∗
kqk)

2 ≤ C

n2
max

j=1,··· ,n

p∑
k=1

E

[
(q∗

kqk)
2

(
|ykj |2
ρ2k

− 1

p

)2
]

≤ C

n2
max

j=1,··· ,n

p∑
k=1

E1/2 (q∗
kqk)

4
E1/2

(
|ykj |2
ρ2j

− 1

p

)4

≤ C

n
→ 0,
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and

E

∣∣∣∣∣
p∑

k=1

(2Pk5 − 2Pk6 − 2Pk7 − 2Pk8)

∣∣∣∣∣
≤ C

n2

p∑
k=1

E
(
‖Dk‖ ‖Dk‖ (q∗

kqk)
2
)

+
C

n

p∑
k=1

E (‖Dk‖ ‖Dk‖q∗
kqk) +

C

n

p∑
k=1

E
(
‖Dk‖2 q∗

kqk

)
≤ C

p∑
k=1

E
(
‖Dk‖E1/2

(j) ‖Dk‖2
)
+ C

p∑
k=1

E1/2 ‖Dk‖4

≤ C

n

p∑
k=1

E ‖Dk‖+
C

n
→ 0,

where E(j) = E (· | Fj) and

Fj = σ{q1, · · · ,qj−1,qj+1, · · · ,qp, ρ1, · · · , ρn}.

Then, we see that

p∑
k=1

(Pk4 + 2Pk5 − 2Pk6 − 2Pk7 − 2Pk8) = op(1).

Now, we are in position to show that

p∑
k=1

Pk9 = op(1).

It follows from (3.23) that

p∑
k=1

Pk9

=
1

n

p∑
k=1

Ek

[
λkβ̃k(z)

(
q∗
k

(
J−1
k (z)Dk

)2
J−1
k (z)qk−tr

((
J−1
k (z)Dk

)2
J−1
k (z)Φn

) )]

− 1

n2

p∑
k=1

(Ek −Ek−1)λ
2
kβk(z)β̃k(z)εk(z)q

∗
kJ

−1
k (z)DkJ

−1
k (z)DkJ

−1
k (z)qk.

By Lemma 4.1 and Lemma 4.5, one finds that

E

∣∣∣∣∣ 1n
p∑

k=1

Ek

[
λkβ̃k(z)

(
q∗
k

(
J−1
k (z)Dk

)2
J−1
k (z)qk−tr

((
J−1
k (z)Dk

)2
J−1
k (z)Φn

) )]∣∣∣∣∣
2

≤ C

n2

p∑
k=1

E
∣∣∣q∗

k

(
J−1
k (z)Dk

)2
J−1
k (z)qk − tr

((
J−1
k (z)Dk

)2
J−1
k (z)Φn

)∣∣∣2
≤ C

n

p∑
k=1

E ‖Dk‖4 → 0,
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and

E

∣∣∣∣∣ 1

n2

p∑
k=1

(Ek −Ek−1)λ
2
kβk(z)β̃k(z)εk(z)q

∗
kJ

−1
k (z)DkJ

−1
k (z)DkJ

−1
k (z)qk

∣∣∣∣∣
2

≤ C

n4

p∑
k=1

E
∣∣‖Dk‖2 εk(z) (q∗

kqk − tr (Φn))
∣∣2 + C

n2

p∑
k=1

E
∣∣‖Dk‖2 εk(z)

∣∣2
≤ C

n

p∑
k=1

E ‖Dk‖4 → 0.

Hence,
p∑

k=1

Pk9 = op(1).

Combining the above results, we conclude that

(A.3) tr(J−1(z)D)2 −E tr(J−1(z)D)2 = E0 tr(J
−1(z)D)2 −E(J−1(z)D)2 + op(1).

Similarly to the proof of (3.18), we get that

(E0 −E) tr
(
J−1(z)D

)2
=

p∑
k=1

(E0 −E) tr
(
J−1
k (z)DkJ

−1
k (z)Dk

)
+

p∑
k=1

(E0 −E) tr
(
J−1
k (z)DkJ

−1
k (z)Dk

)
+ op(1).

(A.4)

Using (3.12), one can obtain that

p∑
k=1

(E0 −E) tr
(
J−1
k (z)DkJ

−1
k (z)Dk

)
=

1

p3

n∑
j �=�=1

E0

[(
ρ2j − p

) (
ρ2� − p

)]
eT
j BnW

−1(z)B−1
n e�e

T
� BnW

−1(z)B−1
n ej(1 + op(1))

+
3

p3

n∑
j=1

(E0 −E)
(
ρ2j − p

)2 (
eT
j BnW

−1(z)B−1
n ej

)2

(1 + op(1))

+
4

p2

n∑
j=1

E0

(
ρ2j − p

) (
eT
j BnW

−1(z)B−1
n ej

)2

(1 + op(1)) + op(1).

After some calculations, one finds that

E

∣∣∣∣∣∣ 1p3
n∑

j �=
=1

E0

[(
ρ2j − p

) (
ρ2
 − p

)]
eTj BnW

−1(z)B−1
n e
e

T

 BnW

−1(z)B−1
n ej

∣∣∣∣∣∣
2

≤ C

p6

n∑
j �=
=1

E
(
ρ2j − p

)2
E
(
ρ2
 − p

)2 ≤ C

p2
→ 0.

Other terms can be handled similarly. Hence,

(A.5)

p∑
k=1

(E0 −E) tr
(
J−1
k (z)DkJ

−1
k (z)Dk

)
= op(1).
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Similarly it can be verified that

(A.6)

p∑
k=1

(E0 −E) tr
(
J−1
k (z)DkJ

−1
k (z)Dk

)
= op(1).

Together with (A.3)–(A.6), we see that

tr(J−1(z)D)2 − E tr(J−1(z)D)2
p−→ 0.

Appendix B. The limit of

− 1
8 E tr

(
J−1(z)D2

)
+ 1

4 E tr
(
J−1(z)D∗D

)
− 1

8 E tr
(
J−1(z) (D∗)

2
)

To begin with, we shall analyse E tr
(
J−1(z)D∗D

)
. Note that

E tr
(
J−1(z)D∗D

)
=

p∑
k=1

E tr
(
J−1(z)D∗

Dk

)
=

p∑
k=1

E tr
(
J−1
k (z)D∗

kDk

)
+

p∑
k=1

E tr
(
J−1
k (z)D∗

kDk

)
− 1

n

p∑
k=1

λk E
(
βk(z)q

∗
kJ

−1
k (z)D∗

DkJ
−1
k (z)qk

)
.

Using Lemma 4.1, Lemma 4.5, and (3.17), one finds that∣∣∣∣∣ 1n
p∑

k=1

λk E
(
βk(z)q

∗
kJ

−1
k (z)D∗

DkJ
−1
k (z)qk

)∣∣∣∣∣
≤ C

n

p∑
k=1

E
(
|βk(z)|

∥∥J−2
k (z)DDk

∥∥q∗
kqk

)
≤ C

n

p∑
k=1

E1/4 |βk(z)|4 E1/4
∣∣q∗

k1
qk1

∣∣4 E1/4 ‖Dk‖4 E1/8
∥∥J−2

k (z)
∥∥8 E1/8 ‖D‖8 → 0.

Hence, we get that

E tr
(
J−1(z)D∗D

)
=

p∑
k=1

E tr
(
J−1
k (z)D∗

kDk

)
+

p∑
k=1

E tr
(
J−1
k (z)D∗

kDk

)
+ o(1).

By (3.13) and (3.14),

p∑
k=1

E tr
(
J−1
k (z)D∗

kDk

)
=

p∑
k=1

n∑
j=1

E

((
|ykj |2
ρ2j

− 1

p

)2

eT
j (B∗

n)
−1

B−1
n eje

T
j BnJ

−1
k (z)B∗

nej

)

+

p∑
k=1

n∑
j �=�=1

E

(
1

ρ2j
− 1

p

)
E

(
1

ρ2�
− 1

p

)
E

(
eT
j (B∗

n)
−1

B−1
n e�e

T
� BnJ

−1
k (z)B∗

nej

)
+o(1)

=
1 + |E y2

11|
p

n∑
j=1

E
(
eT
j (BnB

∗
n)

−1
eje

T
j BnJ

−1(z)B∗
nej

)
+ o(1),
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and
p∑

k=1

E tr
(
J−1
k (z)D∗

kDk

)
=

p∑
k=1

n∑
j=1

E

((
1

ρ2j
− 1

p

)
eTj BnJ

−1
k (z)D∗

kB
−1
n ej

)

=
τ

p3

p∑
k=1

p∑

 �=k=1

n∑
j=1

E
(
|y
j |2eTj BnJ

−1
k (z)B∗

neje
T
j (BnB

∗
n)

−1
ej

)
+

τ

p3

p∑
k=1

p∑

 �=k=1

n∑
t=1

E
((

|y
t|2 − 1
)
eTt (B∗

n)
−1 J−1

k (z)B∗
net

)
+ o(1)

=
τ

p

n∑
j=1

E
(
eTj BnJ

−1(z)B∗
neje

T
j (BnB

∗
n)

−1
ej

)
+ o(1).

Together with the above three equalities, we see that

E tr
(
J−1(z)D∗D

)
(B.1)

=
τ + 1 + |E y211|

p

n∑
j=1

eTj (BnB
∗
n)

−1 eje
T
j BnW

−1(z)B∗
nej + o(1)

→ −τ + 1 + |E y211|
zp

n∑
j=1

eTj (BnB
∗
n)

−1
eje

T
j BnB

∗
n (g1(z)BnB

∗
n + I)

−1
ej .

Similarly to the proof of (B.1), we can get that

E tr
(
J−1(z)D2

)
=

p∑
k=1

E tr
(
J−1
k (z)D2

k

)
+

p∑
k=1

E tr
(
J−1
k (z)DkDk

)
+ o(1)

=
τ + 2

p
tr
(
W−1(z)

)
+ o(1)

→
(
τ + 1 + |E y211|

)
c−1m(z),

and

E tr
(
J−1(z) (D∗)

2
)
→
(
τ + 1 + |E y211|

)
c−1m(z).

Combining the above results, we conclude that

− 1

8
E tr

(
J−1(z)D2

)
+

1

4
E tr

(
J−1(z)D∗D

)
− 1

8
E tr

(
J−1(z) (D∗)

2
)

→ −τ + 1 + |E y211|
4c

m(z)− τ + 1 + |E y211|
4zp

n∑
j=1

eTj (BnB
∗
n)

−1 eje
T
j BnB

∗
nG�(z)ej .

Appendix C. The proof of Theorem 2.3

When the diffusion process xt belongs to class C, the drift process μt ≡ 0 and
τn,l’s and γt are both nonrandom and independent of wt, we know that Δxl follows
the same distribution as √∫ τn,l

τn,l−1

γ2
t dt · Σ̆1/2zl,
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where {z1, · · · , zn} follow the p-dimensional standard normal distribution. Then
denoting ωn

l =
∫ τn,l

τn,l−1
γ2
t dt, we shall rewrite the RCV matrix as

ΣRCV d
=

n∑
l=1

ωn
l Σ̆

1/2zlz
T
l Σ̆

1/2 =
1

n
AnZnBnB

T
nZ

T
nA

T
n ,

where An = Σ̆1/2, BnB
T
n = diag(nωn

1 , · · · , nωn
n) and Z = (z1, · · · , zn). This is in

fact a special case of separable sample covariance matrix from elliptical population
with τ = 2. Then this theorem follows from Theorem 1.4.

Appendix D. The proof of Lemmas 4.1 and 4.2

D.1. The proof of Lemma 4.1. To prove the first conclusion of this lemma, it
suffices to prove that for any even k ≥ 2,

E ‖Diag(‖y1‖2/ρ21, · · · , ‖yn‖2/ρ2n)−In‖k → 0

as n → ∞. To achieve this, we only need to prove that for any 1 ≤ j ≤ n,

E
(
‖yj‖2/ρ2j − 1

)k
is sufficiently small. Note that by assumption (a) and (3.6), we

have

(D.1)
E
(
‖yj‖2/ρ2j − 1

)k ≤
Ck

(
E
(
‖yj‖2 − p

)k
+ E

(
ρ2j − p

)k)
(1− δn)kpk

≤
Ck

(
pk/2 + pk−1

)
(1− δn)kpk

= o(p−1).

This leads to the first conclusion. Taking the same procedure, we find that E ‖Ds‖k
= o(p−1) for any s = 1, · · · , n and thus the second conclusion follows.

D.2. The proof of Lemma 4.2. The second conclusion follows from the con-
clusion of Lemma 4.1 with k = 2. Now we deal with the first conclusion. Note
that

P

(∣∣∣∣∣ ρ21
‖y1‖2

− 1

∣∣∣∣∣ > ε

)

≤ P
(
‖y1‖2 < p/2

)
+ P

(
‖y1‖2 ≥ p/2,

∣∣∣∣∣ ρ21
‖y1‖2

− 1

∣∣∣∣∣ > ε

)
(D.2)

≤ P
(
‖y1‖2 < p/2

)
+ p−l(ε/2)

−l
E

∣∣∣∣∣ ρ21
‖y1‖2

− 1

∣∣∣∣∣
l

≤ P
(
‖y1‖2 < p/2

)
+ 2p−l(ε/2)

−l
(
E |ρ21 − p|l + E

∣∣‖y1‖2 − p
∣∣l) .

From the Chernoff bounds for chi-square random variable and the moments
for chi-square random variable, we have that P

(
‖y1‖2 < p/2

)
= o(n−t) and

2p−l(ε/2)
−l

E
∣∣‖y1‖2 − p

∣∣l = o(n−t) for any given t > 0. Also, we have that

2p−l(ε/2)
−l

E |ρ21 − p|l ≤ 2(
ε

2δn
)−l,

which is o(n−t) for any t > 0 by choosing l = log n.
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