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SEPARABLE SAMPLE COVARIANCE MATRICES UNDER
ELLIPTICAL POPULATIONS WITH APPLICATIONS

HUIQIN LI, GUANGMING PAN, YANQING YIN, AND WANG ZHOU

ABSTRACT. This paper is to investigate the spectral properties of separable
covariance matrices under elliptical populations. The separable covariance
matrix model can handle both cross-row and cross-column correlations thus
gain more popularity recently. Under the high-dimensional setting where the
dimension p and the sample size n tend to infinity proportionally, we find
the limit of the empirical spectral distribution and establish the central limit
theorems (CLT) for linear spectral statistics of such kinds of sample covariance
matrices. Some applications of our established CLT are also given.

1. INTRODUCTION AND MAIN RESULTS

Spectral properties of sample covariance matrices are important in engineering
and statistics, see [16], [I]. When the sample size n tends to infinity while the dimen-
sion p of population is fixed, the sample covariance matrix is asymptotical a good
estimator for the population covariance matrix. However, as has been well known,
it is not the case when the dimension p is comparable or even larger compared with
the sample size n. Thus, it is reasonable to investigate the relationship between the
population covariance matrix and its sample version under the high-dimensional
framework.

We begin by introducing some definitions. Let A be any n x n Hermitian matrix
whose eigenvalues are denoted by A;,j =1,2,--- ,n. Then the Empirical Spectral
Distribution (ESD) of A is defined as

li I\ <),

where I(-) is the indicator function. The Stieltjes transform of FA (z) is given by

3
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As a classical matrix model, the sample covariance matrix has been studied in
random matrix theory for a long time, which is defined as follows. Suppose that
Y1,¥2, " ,¥n are n observations drawn from a centered p dimensional population.
Then the sample covariance matrix is n~* ZZL:I yiyi®. In this paper, we will con-
sider more general matrices called separable sample covariance matrices. To be
specific, we consider the matrix model

S,=n"'A,X,B,B:XA*,

where X,, = (x1, -+ ,X,) is a pxn random matrix whose columns are n independent
observations from a p dimensional population X with zero mean vector and unit
population covariance matrix while A,, is a p X p matrix and B,, an n X n matrix.
The separable covariance model describes a process where the time correlation does
not depend on the spatial location and the spatial correlation does not depend on
time, i.e. there is no space-time interaction and this model has applications in many
fields such as wireless communications [I7] and spatio-temporal statistics [1T}I3].
Furthermore, it includes many covariance type matrices that have been well studied
in random matrix theory as special cases.

The existing literature on this model mainly considers the case where the popula-
tion follows the independent component structure (ICS). That is, the components
of X are assumed to be independent. [I§] firstly obtained the limiting spectral
distribution (LSD) of S,, under ICS. It was shown that, unlike the usual sample
covariance case where B,, = I,, (here and throughout this paper, I,, stands for the
n-dimensional identity matrix), the LSD of S,, is more complex and proved to be
the solution of a system of equations. Then [I4] proved the no eigenvalue outside
result when B, is diagonal with non-negative entries. The central limit theorems
(CLT) for linear spectral statistics (LSS) were studied in [4] and [I2].

However, this assumption excludes lots of important populations such as the
elliptical populations. A p-dimensional random vector x follows an elliptical distri-
bution if and only if it has a stochastic representation:

(1.1) x = pAu+ p,

where Ex = pu, the non-random p by p matrix A satisfies rank(A) =p, p > 01is a
random variable being the radius of x, and u is the p-dimensional random direction
independent of p and being uniformly distributed on the unit sphere SP~! in CP(RP),
denoted by u ~ Ug(g) (SP~1) in the sequel. In view of its abilities in describing heavy
tails and tail dependence among components of a population, the family of elliptical
distributions has found its applications in lots of scientific areas, including but
not limited to statistics and economics. Many commonly used distributions, such
as multivariate F distribution, multivariate Pearson type II distributions, power
exponential distributions, and multivariate Kotz-type distributions, belong to the
family of elliptical distributions. See, for instance [6].
Now, let us introduce the model that will be investigated in this paper.

Definition 1.1. The matrix S,, = %AanBnBZX,*ZAZ is defined as the separable
elliptical sample covariance matrix if the following conditions are satisfied:

(a) The columns of X,, follow the elliptical distribution. That is, x; = p;u;,1 <
j < n, where p;’s are independent and identically distributed (i.i.d.) ran-
dom variables with Ep? = p and E (p‘f) = p?> + 7p + o(p) and u; i
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Ucr)(5P71). Furthermore,
sup E |(p* —p)//pI**e < 00
P

for some positive constant ¢;

(b) A, is a p x p matrix and B,, is an n X n matrix, both are non-random and
have uniformly bounded spectral norms;

(c) As n — oo, the ESDs of X, = A, A%, &, = B*B,, denoted by Hy,_ and
Hg_, converge weakly to two proper distributions Hy; and Hg respectively;

(d) ¢, =p/n—ce€ (0,00) as n — o0.

Remark 1.2. We give some explanations on condition (a) of our model. This condi-
tion indicates that the column of X,, follows an elliptical distribution with squared
radius variable p2. To make sure that the considered model is identifiable, the
expectation of p? is assumed to be the dimensional parameter p. Also, the nor-
malized squared radius variable p?/,/p is assumed to have a finite moment with
order slightly higher than 2 and to have a limit variance 7. When 7 = 2, each
column of X, is a standard p dimensional Gaussian vector. We also remark that
the deterministic matrix A in (IT)) is absorbed into A,, in our model.

For this model, when B,, = I,,, the LSD and CLT for LSS were considered in [9]
and [§]. To the best of our knowledge, there is no literature on the LSD and CLT
for LSS when B,, # I,,. The following is a theorem concerning the LSD of S,,.

Theorem 1.3. Suppose the assumptions (a)—(d) hold. With probability 1, as
n — oo, the ESD of S,, converges weakly to a non-random probability distribu-
tion function FoH=He Ty be specific, we have

(1) If Hs = 1jg,00) 0r Hp = 1) o), then FeH=He =14 .

(2) If Hs # 1jg,00) and He # )9, o0y, for each z € CT,

m(z)=—z"t1—ct)—27lct [ dedy),
(12) m Z) = —271 f dez(ﬂ?),
)=—2"" =l (2)q(2)

is viewed as a system of equations for the complex vector (m(z), q1(z), g2(2)),
then ([L2) has a unique solution in the set

U={(m(2),q1(2),q2(2)) : Sm(z) > 0,F(zq1 (%)) > 0,Fg2(2) > 0}.
Also, the Stieltjes transform of F&H=He denoted by mp(z), together with

the other two functions g1(z) and g2(z), both of which are analytic on CT,
is given by this solution.

m(z

Let Fenf=u.Hew obtained from F&#=He with (c,Hx, Hp) replaced by
(cn,Hs,,Hg,). Let S, = %BZX;‘LA;:A,LX"B,L. Obviously, one has
FS(z) = ¢, FSn (x) 4+ (1 — Cn)1{0,00) ().

Denote by F&#=:He the limiting spectral distribution of F5» and denote by m/(z)
the Stieltjes transform of F&#=He Then one finds

FoHo e (g) = cFoH 0 (2) 1 (1= 0)Lip o) (a).
Likewise, FenH=n.Hen ig obtained from FeH=He with (¢, Hy, Hp) replaced by
(cn, Hs,, Ha,,).

n?
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Next, we will give a result about the CLT for LSS of S,,. For that purpose, define
G(w) = FS" (x) = Fom o Hon (g),

Let e; be the j-th column of an identity matrix. Denote

Gp(2) = (91(2)ByB, +1,) 7", 6y(2) = (q1(2)®y +1,) "

where g;1(z) is defined in Theorem [[3] and ®,, = B:B,. Also, denote L; =
lim, oo % Z?Zl 0 { [e;*-FQSA(z)ej]2}/8z = limy, o0 L1,

Ly = lim ~ Za{ (B,B:)™" -ejTBnB:®A(z)ej}/8z = lim Ly,
and
1l - _ . o
Ly = lim — z;a {ef (B*)™! Qﬁv(z)BnlejeJTBnin(z)BneJ} [0z = lim Ly,
j:

where e; is the j-th column of an identity matrix. Furthermore, let

B c2dz(z) T - t2
(1.3)  di(z) = 0 (2) / a —i—:vgg(z))QdHE( )l/—(gh(z)t—i— 1)3qu>(t)
N do(2) /(gl( )t dHo (1)

zg2(2) z)t+1)

.’[2 t
Z492( )d 2(2 )/mdh&(x)/mdhﬂp(ﬂ,

0=/

22
e, b= [ G
_1/3 5\ 0(zm(z)) (r—6)Ly (74+2)Ly (71+2)L
da(z) = ¢ <ZT B 5) 0= 4 e T 4c X
do(s) = DOCBE) 30 L B

and
_ 1 z1g1(21) — 2291(22) 2192(21) — 2292(22)
d(Zl, 22) = .
2122 g2(21) — g2(22) 91(21) — g1(22)
Theorem 1.4. Suppose the assumptions (a)—(d) hold and suppose B,, is invertible.

(
Denote by \y > --- > A, the eigenvalues of X,,. Let f1,---, fi. be functions on R
analytic on an open interval containing

(1.4) [hmﬂinf A AT Ty (e) (1 — \/_) lim Sup MATE (1+Ve) ]

Then

(1.5) (/f1 )dG /fﬁ )dGi( >
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converges weakly to a Gaussian vector (Xf17 -+, Xy,) with mean

2 5 f(2)di(2)
EXf T % 1—CZ 2d2( )dg(

QM]ff Ja(= dz—Qfo s (2)dz,

(1.6)

and covariance function
(1.7)

Cov <Xf,Xg>

92 d(z1,22)
B 47T2 fé1 Ca f Zl) (ZQ)aZQazl / 1-

. T-3+8 < 0%el G p(z1)eel Gp(22)e;
1 J j
nl—>n<;lo 472 P Z £1 Co f Zl ) 822821 dZ1dZ2,

where f,g € {f1,- -, f<}, B = 1 when u ~ Ur(SP™') and B = 2 when u ~
Uc(SP~1). The contours in (L8) and ([L7) (two contours in (L), which we may
assume to be non-overlapping) are closed and are taken in the positive direction in
the complex plane, each enclosing the support of FoH=:He

dzdz1dzo
z

Remark 1.5. To fully express such kind of CLT above, it is necessary to invoke three
separate limits, namely Lq, Lo and L3 defined above. Generally speaking, these lim-
its may not always exist. These kinds of assumptions are due to the non-negligible
influences of the population eigenvectors and are prevalent in the descriptions of
CLT for LSS under non-Gaussian populations. It is worth noting that in cases
where the underlying distribution is Gaussian or under certain diagonal assump-
tions, these limits naturally exist. In practice, we can treat the sequences L,
Ly, and L3, as parameters in the expressions of “limiting” means and variances
of specific LSS. Then, one finds that the normalized LSS

(pf 1(@)dCn(2) - Eiy)

)

Cov(s,ay)

where Ez; and Cov(zf,2) are obtained by replacing Ly, Ly and Ls in Ez; and
Cov(zys,zy) with Ly p,, Lo, and Ls ,,, will convergence weakly to a standard Gauss-
ian variable. The joint distributions can be obtained in a similar fashion.

Remark 1.6. The invertible condition of B,, is just for technical reason. It is critical
for our proof strategy but is not necessary for the CLT to hold.

Remark 1.7. Tt is seen that the first term in (6) will disappear in the complex
case (8 = 2), and the same phenomenon was also observed by [4] for populations
under ICS. The rest of the terms related to ds(z) are due to the dependence in the
elliptical population case.

Remark 1.8. We mainly consider elliptical populations in this paper due to their
widely applications in practice. It will be seen in the proof we use the fact that
u can be written as a normalized Gaussian vector. However, if we assume B, is

Licensed to Chongging University. Prepared on Sat Aug 31 22:04:23 EDT 2024 for download from IP 218.70.255.241.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



3810 HUIQIN LI, GUANGMING PAN, YANQING YIN, AND WANG ZHOU

diagonal and the vector u is a normalized random vector whose entries are non-
Gaussian but with the same fourth moment ps < 0o, one can obtain the same
theoretical results on LSD and CLT for LSS by taking the same procedures as in
this paper.

It is worth noting that the proof of the above theorem is very different from the
one in [4]. Under ICS, in [] the CLT for LSS of separable covariance matrices is
derived by two steps. The first step is to prove the result when X,, are Gaussian
(also a special case of our theorem when 7 = 2). The second step is to compare the
characteristic functions of LSSs under the Gaussian case and general case (under
the assumption that the fourth moment of the underlying distribution equals to 3).
However, this strategy is no longer valid under elliptical distribution case. Thus, in
this paper, we need some new strategies to establish the above theorem. To be spe-
cific, by using the properties of elliptical distributions and the orthogonal property
of Gaussian random vector, we find that the difference between separable sample
covariance matrices under elliptical population and Gaussian population is on ac-
count of the influences of two random diagonal matrices. Thus, by the expansion
of the random diagonal matrix, we successfully decompose the objective Stieltjes
transform into several parts and point out their contributions. This strategy is also
different with the one used in [9], which is based on a newly established formula for
quadratic forms under elliptical distribution when B =1,,.

The rest of this paper is organized as follows. Section [2] contains some appli-
cations of main results. The main theorems are proved in Section Bl Some useful
lemmas are presented in Section 4l Appendix collects some technical proofs.

2. APPLICATIONS

In this section, we give some applications of our main results. The first applica-
tion is on realized sample covariance matrices and the second one is on Kronecker
channel model.

2.1. Application on realized sample covariance matrices.

2.1.1. The realized sample covariance matrices for diffusion processes. Consider
the diffusion processes, which are widely used in economics to model financial asset

price processes. Suppose ng)’ 1 < j < p, are the log price processes of p stocks.

T
Denote x; = (xgl), e ,XEP)> . A widely used model for x; is
(21) dXt = ,L,Ltdt + @tdwt.

Here u; and wy are p-dimensional drift process and p-dimensional standard Brow-
nian motion respectively. O, a p X p matrix for any ¢, is called the co-volatility
process. Under the situation that one can observe the processes x; at high frequency
synchronously, one is usually interested in the so-called integrated covariance (ICV)
matrix defined as

1
»Iev .— / 0,07 dt,
0

as well as its estimator, realized covariance (RCV) matrix defined as

ERCV = ZAXZ (Axl)T,
=1
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(1) (1)
XTn,l - X‘rn,lfl
where Ax; = , with 7,;,1 < I < n being the observed time
(p) (»)

Xrpa — XTnaoa
points.

It is explored in [19] that the LSD of S#¢V depends not only on the LSD of ICV
matrix, but also on how the co-volatility process evolves over time. Furthermore,
under the assumption that the process belongs to class C to be defined below, and
some other assumptions, [19] demonstrates clearly how the time-variability of the
co-volatility process affects the LSD of L€V

Definition 2.1. Suppose that the process x; is a p-dimensional process satisfying
1) and ©; is cadlag. If, almost surely, there exist (y¢) € D([0,1]; R) and a p x p
matrix A, satisfying ©; = A, and tr(A,AL) = p, where D(I;S) stands for the
space of cadlag functions from I to S, then we say that x; belongs to class C.

The next question is, how the co-volatility process and the LSD of ICV matrix
affect the second order limits of the eigenvalues of RCV matrix. Such kind of results
is useful when making statistical inference on ICV matrix. Here, by applying our
main results of this paper, we shall give a theorem on the LSS of RCV matrix. To
the specific, given functions f1, - - - , fx on R, we will derive the fluctuation properties
of the linear spectral statistics specified by these test functions. We first present
some necessary conditions.

Assume that the diffusion process x; belongs to class C, the drift process p; =0
and 7, ;’s and 7; are both nonrandom and independent of w;. Further assume that

(C1) %, = A,AT satisfies assumptions (¢) and (d) in Definition [Tl And there
exists C7 < oo such that || < Cy for all ¢ € [0, 1].

(C2) ¢, =p/n— ce (0,00) as n — o0;

(C3) The observation times 7,,; are independent of x;; moreover, there exists
K < oo such that the observation durations A7, ; := 7, ; — Ty 1—1 satisfy

max max (nAT,;) <k;
n =1, ,n

additionally, almost surely, there exists a process vy € C([0,1];R+) such
that

Tn,[ns] = s ::/ vpdr
0

asn — oo for all 0 < s < 1, where for any z, [z] stands for its integer part.

The above assumption (C3) on 7, indicates that as n — oo, the largest obser-
vation duration should tend to 0 with rate n~!'. When the observation times are
equally spaced, this assumption is trivially satisfied. We then have the following
results.

Lemma 2.2. Under (C1)-(C3), as n — oo, with probability 1, the empirical spec-
tral distribution F="C" converges weakly to a non-random probability distribution

function FoHsw gs specified in Theorem 1.3 with fdeé(y) replaced by

1 1
fO 1+q1(2) (v )2vs ds.

Lemma [2:2] is consistent with Proposition 5. in [19].
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Furthermore, let FP/mHs, JHen  denote the one obtained from F&Hsw
. 1
with (c, Hz) replaced by <CmHin) and fo mds replaced by
Ik mdl’[@n (x) with Hg,, the empirical distribution of { [T n~7dt}j ;. Then

we have the CLT.
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Theorem 2.3. Assume the following additional condition

C4) Denote \y > --+ > )\, the eigenvalues of 3. f1,---, fx are analytic on an open
P

interval containing

n

[lim inf A, (1 — \/5)2 Io,1)(c), limsup kC7A; (1+ \/5)21 )
Consider the process

G, =1 ( [ @Gty [ fuaac,@).
e Gn(x) = F"" () — FP/mHs, Hen (7).

Under assumptions (C1)—(C4), as n — oo, G, converges weakly to a Gaussian
vector (Xy,,---, Xy.) with mean

1 f(@gl(z) 2
(22) BNy =5 (1— B BO)

and covariance function

(2.3) Cov| Xs, X, | = ! ]{ f(z1)g(22) > /(7(21722) dzdz1dz
. v =—— —
Fr2g 272 Je, Je, 1gi%2 022021 Jo 1—-=2 192,

where f,g € {f1, -, fx}, Jl(z),gg(z),gg(z) and J(zl,zg) are specified in [L3]) with
t replaced by (vyy,)*vs and dHg(t) replaced by ds.

2.1.2. Simulation studies. We demonstrate in this subsection some simulations to
investigate the influence of the time variability of the covolatility process on the
fluctuation of the LSS. It will be shown that even sharing the same ICV matrix,
the LSS of different RCV matrices can obey very different CLTs, depending on the
time variability of the covolatility process.

Following [19], we assume in the simulation below that A,, = I,. That is, x;
follows ([21) with +; a deterministic (scalar) process, and W; a p-dimensional
standard Brownian motion. The observation times are taken to be equidistant:
Tt =1/n,1=0,--- ,n. We set two designs as follows.

e Model I: The volatility path follows piecewise constants. More specifically,
¢ is set to be

. {\/E x 1072, te[0,1/4)U[3/4,1],

here a + b = 8.
Vb x 1072, te[1/4,3/4), where a

When a and b take different values, the covolatility processes are different,
but they share the same ICV matrix.

e Model II: The volatility processes have continuous sample paths. In this
case, y; is set to be

7t = 1/0.0004 + dcos(2nt), t€[0,1].

When d takes different values, the covolatility processes are different, but
they share the same ICV matrix.
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For each model, we compare the empirical distributions of two L.SSs of RCV matri-
ces when the parameters take different values. The simulation results are presented

in Figs. [
a=1,b=7 a=2,b=6
400 400
300 300
200 200
100 100
0 0
138 1.4 142 1.44 1.46 126 128 13 132 134
x10™ x10™
a=3,b=5 a=b=4
400 400
300 300
200 200
100 100
0 0
1.2 1.22 1.24 1.26 118 119 1.2 121 122
x10™ x10™

FIGURE 1. Empirical distributions of traces of square of RCV ma-
trices when a and b take different values under model I. p = 500,
n = 1000. The results are based on repetitions of 10000 times.

It can be seen that the time variability of the covolatility process could affect the
fluctuation of LSS of RCV matrix heavily. The CLT always holds but the limiting
parameters may be different.

2.2. Application on Kronecker channel model. In wireless communication,
the Kronecker-based stochastic model (KBSM) is an important channel model for
massive multiple-input multiple-output (MIMO) systems, see [I5]. In KBSM, the
channel matrix H can be expressed as H,, = A,,X,,B,,, where X,, is a p X n matrix
with i.i.d. complex entries with zero-mean and unit-variance, A, A} and B} B,, are
overall spatial correlation matrices at the receiver and transmitter, respectively. We
are interested in the capacity of the channel, which is characterized by Shannon’s
mutual information I(p) between the n-dimensional input and p-dimensional output
signals. Assuming that the input signal is circularly symmetric complex Gaussian
with covariance matrix (p/n)I,, p € (0,00), the mutual information is then given
by
I(p) = log det(gﬂnﬂ;: +1,).

The asymptotic behaviors of I(p) under the framework that n and p tend to infinity
at the same rate have been considered by many authors. For instance, when A,, =
I,,B = I, and the entries of X,, follow normal distribution, the fluctuation of
I(p) is established in [I0]. For non-Gaussian matrix X,,, we refer the reader to
[2l5]. The case where A,, and B,, are both diagonal is considered in [7]. Recently,
[8] obtained the fluctuation of I(p) when B,, = I,, and the columns of X,, follow
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a=1,b=7 a=2,b=6
400 300
300
200
200
100
100
0 0
12 125 13 135 1.4 9 9.5 10 10.5
x10710 =101
a=3,b=5 a=b=4
400 400
300 300
200 200
100 100
0 0
74 76 7.8 8 8.2 6.8 7 7.2 7.4 7.6
=101 =101

FIGURE 2. Empirical distributions of traces of the fourth-power of
RCV matrices when a and b take different values under model I.
p = 500, n = 1000. The results are based on repetitions of 10000
times.

d=0.0001 d=0.0002
350

300

250

200

150

100

50

1.22 1.23 1.24 1.25 1.26 1.27 1.28

d=0.0004

o 0
128 129 13 131 132 133 134 137 138 1.39 1.4 141 142 143
x107#

X
o
I

FIGURE 3. Empirical distributions of traces of the fourth-power
of RCV matrices when d takes different values under model II.
p = 500, n = 1000. The results are based on repetitions of 10000
times.

Licensed to Chongging University. Prepared on Sat Aug 31 22:04:23 EDT 2024 for download from IP 218.70.255.241.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



3816 HUIQIN LI, GUANGMING PAN, YANQING YIN, AND WANG ZHOU

d=0.0001 d=0.0002
300 400
300
200
200
100
100
) 0
7.2 7.4 7.6 7.8 8 8.5 9
x101 x10M
d=0.0003 d=0.0004
400 400
300 300
200 200
100 100
) 0
0.95 1 1.05 1.1 115 12 125 13 1.35
x10710 x10710

FIGURE 4. Empirical distributions of traces of the fourth-power
of RCV matrices when d takes different values under model II.
p = 500, n = 1000. The results are based on repetitions of 10000
times.

elliptical distribution. In this section, by virtue of our theoretical results, we shall
give a theorem on I(p) without the assumption that B, = I,. This is a significant
improvement both on theoretical and practice as we allow more general correlation
structure between the entries of the channel matrix H,,. Formally, we have Theorem

24
i.i.d

Theorem 2.4. Assume that (a)-(d) are satisfied with u; "~ Uc(SP~1), and define
the central term

P/log + pzx)d FC"’HZ"’H‘I’".
We have

D
I(p) — C(p) = N(lip,Hy,Ho» oty 1y )»
where the limiting mean

1 1
bt = =57 Jom(1L+ p2)a(2)dz = 5 f lom(1 + p2)as (21,

and
) 1 2 d(z1,22)
=—— log(1 log(1 dzdzd
a.p,Hz,Hq, 47T2 ‘%(;1 fé2 Og( “Fle) Og( +pZ2)822621/0 1_2: z Zl 22
—im Ty 74}{10 (1+ 1) log(1 + p2a) -2 (TG (21)e))
n~>oo47rp c2g pz1)log p2821 5 alz)e;
822 ( GA(Zg)ej)dzlsz

This theorem is an easy consequence of Theorem [[.4], thus we omit its proof.
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3. PROOF OF THEORETICAL RESULTS

This section is devoted to the proofs of main theorems. The proof of Theorem
will be presented in Section 3]l And the rest part of this section will give the

proof of Theorem [T.41
3.1. Proof of Theorem [1.3l We first deal with the proof of the theorem on LSD.
By definition, the random vectors u; can be expressed as u; = ”i',ﬁ with y; ~
N(0,I,). Thus, we have x; = If\);ﬁl Let Y, = (y1, " ,¥Yn), 80
X, YD1ag<pl p) Y,.C,.
Iydl™ 7 llywl

Note the spectral decomposition of A¥ A, =U* A, U,,, where A,, =Diag(A1,- -+, Ap)
with A;,1 < j < p being the eigenvalues of A} A,,. By the orthogonal property of
Gaussian random vector, we shall redefine and investigate the properties of

S, 2 LB XA, X, B, = ~BiC, YA, Y,.CoB.
n n

The proof of the theorem on LSD is mainly based on comparing the eigenvalues of
S,, with those of %B:‘LY:‘LA”Y"B,L since the LSD of the latter one is known to us.
Notice that by Lemma 2] ||C2 —I|| — 0,a.s. Thus we have

1
1 * * 1 * * a.s.
SH(CH - IHHEBnYnAnYanHHCnH + ||(Cn - IHHEBnYnAnYanH — 0.

Then this theorem follows from Weyl’s inequality and Theorem 1.2.1 of [I§].
Then, we shall present the proof of the theorem on CLT for LSS. The main
strategy is to apply the CLT for martingale.

3.2. The proof of Theorem [1.4l Mow, we shall present the proof of the theorem
on CLT for LSS. The proof is based on the procedure developed in [2] and the main
strategy is to apply the CLT for martingale.

Rewrite for z € C*, M, (z) = n[m,,(z) — m2(z)], where

M (2) = mps, (2), My (2) = Mpenns, na, (2),
my, (2) = mps, (2), my(2) = Mpen sy, i, (2).

Moreover (m(z), ¢9,(2), 99,(z)) satisfies equation (I2) with (¢, Hy, Hz) replaced

by (¢n, Hs, , He, ). In other words, we have

my(2) = =27 [ oy dHe (),
(3.1) mp(2) == [ g dHs (@),

m%(z) =—z"' - Cn gln( )QZn(Z)
Furthermore, one has

x
3.2 0 (2)=—cp | —————dHx(x),
(32) () = —en [ g 0
Y

3.3 299 () = —/7611'{@ y).
(33) 0.C) =~ [ Tty e )
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Let vo be any positive number, z, € (limsup, A A%z (14 1/c)°, 00). Let 2; be
any negative number if the left end point of interval (4] is zero. Otherwise choose
x] € (O liminf,, A /\fnnI(O n(e) (1= \/5)2) . Let C, = {z +ivo : x € [z, 2]} . De-
fine the contour C = {z; +iv:v € [0,v0]} UCy, U {z, +iv:v € [0,v0]}. To avoid
dealing with the small Sz, we truncate M,,(2) on a contour C of the complex plane.
We define now the subset C,, of C on which M,(-) agrees with M,(-). Choose
a sequence {e,} decreasing to zero satisfying for some o € (0, 1), en = n- %
Let C; = {:zrl+iv:ve[ an,vo} and C, = {:z:r+zv v € [n~ En,vo} Then
C,=CUC,UC,. For z = x + iv, the process Mn( ) can now be defined as

M, (2), for z € C,,
(3.4) M, (-) = M, (z; +in"te,), forz=ux;,ve[0,n ],
M, (x, +in~te,), forx =z,,ve[0,n te,].

We are going to present the following CLT for the truncated process M\n()

Lemma 3.1. Under the assumptions of Theorem [[4], ]T/[\n(z) converges weakly to
a two-dimensional Gaussian process M (-) satisfying for z € C,

2) — _ dl(Z) ~
BM() = (2= )= o )

And for 21,22 € CUC withC = {z: z € C},
52 d(z1,22)
Cov (M<zl>7M<z2>> ~G-y [ s

T=34+8 0 9
+ lim T Z TGA(Zl)ej) D2 (e?GA(z2)ej) :

n—o00 82:1

It will be shown in the next subsection that Theorem [[.4] will directly follow once
Lemma [31] is verified.

To prove Lemma [3.I], we decompose the Stieltjes transform into several parts.
One of these parts is coincident with the ICS case and the other parts are due to
the dependence in elliptical distribution. Denote M,, = B,,1C,;1B,,

1 1
J(z) = ~BiY; A, Y, B, — 21, H(z) = B YA, Y,B, — 2M;M,.

Notice that for any invertible matrices Ay and By,
(3.5) Ay =Byl = Ay (Bo - Ag)Bg !
Then we obtain that
H_l(z) —-J 2
=237 () (MM —1,) I ' (2) + 22 (371 (2) MM — 1,,))* H ' (2)
2I71(2) (M M—1,) 37 (2) + 2% (37 1(z) MM - 1,))* T 1(2)

(
+22 (3 MM—I))3H1(Z)
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Hence, it yields that
nmps, (2) = tr(S, — 2L,) " =tr (H™') + tr (H' (MM, — L,))
=tr (J7(2)) +tr (7' (MM, — L,)) + ztr (J7%(2) (M*M - L,))
+atr [T () (MM = 1,)]% + 22 tr [(J’l(z) (M*M —1,,))° J’l(z)}
+ 2% { [J_l(z) (M*M — L))" H ™' (2) (M"M — In)}

£ [ (MM - 1) B ()
(

I(z) +IZ(z),
where
I(z) = tr (J7(2)) = Etr (I7(2)) + tr (7' (MM, — L,))
—Etr (7' (MM, — I,))
+ztr (J7%(2) M™M - 1,))
—zEtr (J7%(2) M*M - 1,,)) ,
and

IZ(z) =Etr (J7'(2)) + Etr (J7' (M;M,, — L,)) + 2 Etr (J72(2) M*M — L,))
+oatr [T7H2) (MM = 1,)]7 + 22 tr [(J’l(z) (M*M —1,,)) J’l(z)}
+ 22 { [37(2) (M*M — 1,)]*H ! (2) (M*M — In)}
+ 24 [(J*l(z) (M*M — In))?’H*l(z)] .
Then we have that
M, (2) = Z(2) + TZ(z) — nml(z).

As will be shown, Z(z) determines the Gaussian fluctuation of M,,(z) and ZZ(z)—
nm? (z) yields the expectation of M, (2).

In the rest of this subsection, we will firstly truncate the variable, then show
that ZZ(z) —nm? (z) converges to a limit and find the limiting distribution of Z(z).
Finally, we finish the proof of Theorem [[.4]

3.2.1. Truncation. We first truncate the variable at a proper order to control the
high order moments. The procedure is similar to Section 5.2 in [9]. However, we
give the sketch of this step here for the convenience of readers. Firstly, by the
assumption sup, E |(p? —]7)/\/}_7\2+€ < o0, for some positive constant e, we shall
choose a sequence §,, with

6n — 0, 5np1/2 — 00.

Then let p; = ij(|p? —p| <énp), j=1,---,n, We have

P (o1 opon) # (1o o) 8252 B (02 = )" 1 (162 = pl > 6up) ) = 0.

Secondly, let 02 = E(p?)/p and define p; = p; = p; /oy, for j =1,--- ,n. One finds
E(p?) = p and E(p}) = p*> + 7p + o(p). Also, we can show that the limiting distri-
bution of M, (z) will not be affected by replacing (1, -, pn) with (41, -, pn)-
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To conclude, in the rest of the proof, we shall assume that the variable p;,q <
j < n has been truncated and satisfies

(3.6) 102 — bl < Sup.

3.2.2. The limit of TZ(z) — nm2(2). We now introduce some necessary notation
that is useful in the proof below. Denote qi = B} Y ey,

2 2 p
D:B'r_ll dla'g <|y12|| y T Hy2|| ) _In Bn: ]D)k> Jk(’z):‘](z)__)‘quqlm
pl p?’L k=1 n
1 Yi Yi 1
Dy, =D -Dyg, D, =B, {dlag (pL%l, ,ﬁ) —1—?]:":| B,.

Define go,(2) = L Etr (J71(2)®,),

en(2) = @Iy (Dar — tr(Jg () @a),  Ww(2) = apdi (2)ak — tr(J 2 (2) @),
1 ~ 1

Pu(z) = L+ n=\apdy H(2)ar” Bulz) = L4+ n= A tr(3 7 (2) @)

1 1

14\ Ete(J N (2)®@,) V() = 1+ X Egon(2)

To obtain the limit of ZZ(z) — nm?2(z), we rewrite that

TI(2) - ) (2)

=Etr (J7'(2)) —nmd (2) +Etr (7' (MM, —L,)) +2Etr (J72(2) (M

+atr [I70(2) (MM, — 1)) + 2% tr [(J—l(z) (MM, —1,,))

)

b(2)

;M,L—In))
37(2)]

2

2

+ 22 { [371(2) (MM, — 1) H(2) (MM, — In)}

3

+ 4 [(J*l(z) (MM, — 1,,)) H’l(z)} .

Firstly, we will deal with the last two terms of the right-hand side of the above
equality. We shall prove that the moments of B (2), Bi(2), |[J~(2)]], and || I} * ()]

are all bounded in n with z € C,. It can also be verified that |[H™'(z)|| < C in
probability, and |bx(z)| < C. Using Taylor’s expansion, we get

1 1
M, =1, + 5D - gD2(1 +0(1)).
This implies that
(3.7
MM, -1, = §D—|— 5D - gD (1+0(1))+ ZD D(1+0(1))
By Lemma [£2] and (3.7), we have

— 5 (D) (1+0(1))

2

2t { [371(2) (MM, — 1)  H (2) (MM, — In)}

3

2 [(371(2) (MM, — 1)) H O (2)] |

< Cn DI (1 +0(1)) < % 0.
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Next, we will show that
tr [371(z) (MM, —1,,)]° = Etr [ (2) MM, — L,)]* % 0.
It follows from (37) that
tr [I71(z) (MM, —1,,)]?
- itr (371(=)D)% (1 + o(1)) + itr (3 1(=)D*)* (1 + (1))
4 %tr (371 (=)DI"1(=)D*) (1 + o(1)).

Hence, it suffices to show that
(3.8) tr (I71(2)D)* —=Etr (I'(2)D)* & 0.

The proof is postponed to Appendix[Al Moreover, following the same lines, we can
get the similar conclusion

tr {(J—l(z) (MM, - L,))” J_l(z)} _E [(J—l(z) (M:M,, —1,,))° J—l(z)} 2.
Hence, ZZ can be rewritten as
T7(2)
=Etr(J7'(z)) — nm ( )+ Etr (J7'(z) MM, — L))
—I—ZEtI‘(Ji (Z)( n n_In))
+2Etr[J *1(,2)( M*M —In)]2
+22Etr [(J 1(2) In))zrl(z)} +0,(1)
(39) =Etr(J7'(2)) — nm ( ) +7Z71(2) + IZ2(2) + IZ35(2) + ZZ4(2) + 0p(1).

In [] it is shown that

- dl(z)
3.10 Etr (J7'(2)) —nmd(2) = (2 - '
B0 B (7)) - 0= f) L

Thus the analysis of ZZ(z) can be decomposed into the following four steps.
Step 1 (The limit of ZZ,(z)). By B, we get
I74(2) :% Etr (J7'(2)D) + %Etr (I7'(2)D*) — %Etr (Jfl(z)DQ) (14 0(1))
+ i Etr (J7!(2)D*D) (1 + o(1)) — % Etr (J’l(z) (D*)Q) (1+ o(1)).
Using

(3.11) 1) = 3 () — MBI ()i Ty (),
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one can derive that
Etr (J7'(2)D)

1 1

= zp: El— — —> E (e;‘anlel(z)Bglej)

2
h=1j—1 A
—lp nE 11 E () PPqiI N (2)B te.e'B, It
> E| (B2 s Pz T3 (=) By ejel B (=) )
"M== \Pi P
1 K& L B B
“on Z ZE [MeBr(2) (lyws)® = 1) aid;, 1(z:)BnlejejTBan1(,z)qk] .
k=1j=1

Applying the Taylor expansion to get that when (z — p) — 0,

Ll ooy @,

(3.12) P R (1+0(1)),
we have

1 1 1 9 T+ o(1
(3.13) E <p—3 - 5) = B —p)* (1 +0(1)) = 722( ),
and

1 1 ’ 1 T+o0
(3.14) E(;;—,;) = ZE(#-p) (14 o1) = 5

1 & 1 1 e _ _
- > ZE <p—§ - 5) E (kB (2)lyr; *aid; ' (2)By, 'eje) Bt (2)an)

Pj p

C - 2
2 Z ZE1/2 }quk '(2)B,! €;€; ;B Iy )Qk} EY* |ykj|8 EV! |ﬁk(z)|4
k=1j=1

N
s[Q
g

E|6k |ykj| qk'] ( )Bgleje?Bnlel(z)qd

IN
|

Hence, we see that
Etr (Jfl (z)D)

— Z ZE MeBr(2) (Jurs? — 1) @i dy H(2)B, ' eje] BuJ,  (2)a]
k 175=1
+ ];Etr (J_ (z)) +o(1).
Using (5.17) in [4],
(3.15) E|B(2) = ()P = O(n™1),
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and

(et Y ,RiYje, —tr (Ry)) (ef Y, RoY e, — tr (R2))

=tr (RiRy) + |Eyjy|tr (R1RY) ,
one obtains that
Etr( ( )D )
1 p
__n g

+ = Etr(

> hin() E (52 = 1) 4435 (2)B tejel Badi ! ()]
1) +o(1)
1+|Ey11\ ZZ)‘kwk

[(ejTBnJl(z)B*eJeJ B.J, (= )Bnleﬂ')}
k=1j=1
+ —Etr (I72))

1+|Ey |
P — ZZA Yi(2) E

k=1j=1
+ o(1)

Br(2) (F Budy ! ()araid; ' (=) Breje] Budy ! (2)B ej)}

1+ |Ey?| S &
IRRELUTIE ob WP (eI Bud ' (2)Bhesel Bad " ()B; ey )
pn k=1j—1

T r(J7 Nz o
+pEt (I71(2)) +o(),

where the first equality is due to the fact that

ZZ)\kE (Br(z

= ¥(2)) (lywg* = 1) @iy (2)B,,
k 15=1

1eje]TBnJ,;1(z)qk]

C & )

S—nzz EY2(8i(2) — vu(2) P EY? | |yx;|?
k=1j=1

C
- 1\4 < NG —
and the last second equality is from the fact that

e %Zf’””’“ B 000 (6B Cpaia (el B 8|

<o ZZEW ai; (9)Bresel By (2)an| BV 8u(2)[ BV |3, ()|
k=1j=1

< g — 0.

n

Hence, we get that

Etr (J7'(2)D)

_1+|E L1 g -
- | y“' ZZAwk (eIB,J!(2)BLe;el B, I 1(2)B; e;)
k=1j=1

+ EEtr (I71(2)) + o(1).

Licensed to Chongging University. Prepared on Sat Aug 31 22:04:23 EDT 2024 for download from IP 218.70.255.241
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



3824 HUIQIN LI, GUANGMING PAN, YANQING YIN, AND WANG ZHOU

Let W(z) = £ 3%, A\j0(2)®, — zL,. It has been proved that |[W~'(z)|| is
uniformly bounded on C,, and

1

(3.16) Ve (z) — m\ =o(1).
It follows from (B.IG) that
Etr (J7'(2)D)
_ 298(2) (1 + [Byi]) f:E (eIB,J'(z)BLe;el B, I (2)B; 'e;)

p

+ % Etr (J7(2)) + o(1).
From the Supplement A of [4], we know that

E(elB,J '(2)Bejel B, J '(2)B, e;)

n

= eJTBnW*I(z)B:‘LejejTBnW%(z)B;lej + o(1).
Therefore, we conclude that
Etr (J7'(2)D)

— lim
n—oo

1 E n
g1 (Z)( +‘ yll Z B*GA )ejejTGA(z)ej+Tc_1m(z)

1+|E 1+|E .
= lim Mtr(}v(z) — lim MZ [e?GA(z)ejf-l-Tc*lm(z)

n—oQ Zp n—oo Zp )
_ 1+ By ¢ 2
_ 2 1 11 T ‘
= (7= 1-|Eyil) c"'m(z) — lim ——— ;:1: ] Gpl2)es]™

By the same argument, we can also get that
Etr (J7'(2)D¥)

_ 1+ |E
(=1 B e me) - tim BB (o1 e )

e 2
Appendix [Bl shows that
LEe@ D) + LB (3(=D"D) - LE& (J*l(z) (D*)2>
8 1 8
T+ 1+ |Eyd

4c m(z)
T+ 14+ |Ey . .
— lim ¢Z (B.B;) ' e;e!B,B;Gp(2)e;

n—o00 4zp -
Jj=
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Together with the above three equalities, we find that

3 5 _ 1+|E 2
TZ,(2) — (ZT—Z(1+|Ey§1|)>c 'm(z) — lim MZ (el G (2)e;]

n—oo A
p =1

T+1+4[Eyhl ¢

TL—)OO

Step 2 (The limit of ZZ5(z)). It is obvious that

112(2)2281?7;@)
(3 5 om(z) L+ By 2
=2 (Fr-F e ) 25 i SRS 6 e
J
2
IR R (GO
n—oo p . 0z

1

J

. TH14 |Ey11| * T *
+ nh_mo T ]z; (B,B ) eje; B,B;Gx(2)e;
* _1 *
i T F14|Eyd| & Z {ejT (B,B}) ejejTBanGA(z)ej}

=
Step 3 (The limit of ZZ3(2)). Rewrite
tr[I71 () (MM, — 1,)]° = E o (I (=)D) + itr (371(:)D*)’
(37 (DI DY) |1+ o(1))
By (1), we have
Etr (J—l(z)D)2

2Dt Z Etr (3, (2)DiJ; " (2)Dk)

M@

kB (Br(2) i (2)Did 7 (2) DI (2)a)

e
Il
—_

I
Sl—= 3= L
B Mf

A E (Br(2)aid; ()DL (2)Dkd;  (2)ar)

i
"N =

+— Z ME (Bi(2)aid;  (2)DI () anaid ;! (2)Ded  (2)aw) -

It follows from (A1) that

4
21 C
(3.17) E|Di|‘ = max E |yk;‘ —-cl <=
j=len | p5 pl TP

Licensed to Chongging University. Prepared on Sat Aug 31 22:04:23 EDT 2024 for download from IP 218.70.255.241.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



3826 HUIQIN LI, GUANGMING PAN, YANQING YIN, AND WANG ZHOU

Using Lemma (4.1l Lemma [£5] and (B17]), one gets that

ZAkE Br(2)di Iy (2) (Dedy ' (2)D + DI (2)Dk ) I3 (2)a)

k
C p
< = E(Bu(=)aian] [I°()DiDl)
k=1
C & N _ 12
< =Y BB BV aga] BV |3 =) EYS DT EVS DY 0,
k=1
and
1 & _ N _
—22 2)aid;  (2)DI ()arai T (2)Ded ) (2)ax)
k=
C u 16 8 8
sn—z EY418,(2) P BV [aganl BY4 |35 ()| BVS D | EVS D — 0.
Hence, it yields that
(3.18)
B tr (J’l(z)D)Q
P
_ZEtr DRI (2)Dk) + > Btr (3, (2)Drd  (2)Dk) + 0(1).

k=1

By 13), 314), and Lemma [£6] we have
ZEtr 2)Dpd; () Dy)

1+ |E
- % ZE (eIB,J ' (2)B;  e;el B, I (2)B; "e;) + o(1),
j=1

and

Z Etr Dk;J ( )]D)k:)

— Z E(e]B,J ' (2)B, 'eje] B,J ' (2)B, 'e;) + o(1),
j=1
where the details can be found in the proof of (BJ). From the supplement of [4],
one can get that

_1 2 THIH B¢ T
Etr(J7'(2)D)" == lim ——— =4 - Z TG p(2)e;)’

Thus

n

_ ) 2 . T+1+|Ey3|
Etr (J7'(2)D*) —>nh_>oo pz|2 1 Z e] Gp(2) ,
j=1
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SEPARABLE SAMPLE COVARIANCE MATRIX 3827

and

Etr (J7'(2)DJ!(z)D*)

; 7+1+|Ey11\
— lim E g eje; B, G Bre;.
" 22p = v(2)e; v(2) J

Consequently, we get that

2
1 * . T+ 1+ ‘ Eyll‘ T
(37N (MM, — 1) | T § j Gp(2)e;)”

1 E
T lim T+ +| y11| Z (Z)B;leje]TBnGV(z)B;eJ

n—o00 9222 D

Thus,

1 E
TT5(2) — lim MZ CHeNE )e])z

n—00 2pz
p =

1 E
+ nli_ﬂ><J Tt + ‘ vil g Z (Z)B,:lejejTBnGv(z)Bflej.

Step 4 (The limit of ZZ4(z)). We have

TZ4(2)
2o {u 376 VLM, - 1,)]°)
D) 0z

2
T+ 1+|Ey| z”: 0{(eGp(2)e))’}
0z

- nh—%o 4p

j=1

T+1+4+|Ey 2
— lim gz TGA( )ej)

n—00 2pz =

- tim LS o (B 6y el B G B

n—00 2zp -
j=

B;lejeanGv(z)B:ej}

B*)~ !
T+1+\Eyu|z [ B.) Gy
0z

+ lim

n— oo

Combining (39), (310) and the argument above (Steps [[i]), we conclude that

dl (Z)
[1 — cz72dy(2)d3(2)]

I7(z) = (2= P) 5 +du(z) + (B — 1)ds(2).
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3.2.3. The limiting distribution of Z(z). Now we deal with the term Z(z). Recall
that

I(z) = [tr (J7'(2)) —Etr (J7'(2))]
+ [tr (37 (MEM, - 1,)) —Etr (7" (M;M,, — 1,,))]
+2z[tr(I7%(z) M™™M - 1,)) —Etr (J7%(z) MM - 1,,)))]
=T11(2) + Ia(2) + I3(2).
By [B20), we have that

tr [J7'(z) (MM, — L,,)]

:% tr (J7'(2)D) + %tr (I7'(2)D*) — %tr (I7'(2)D?) (1 +o(1))

4 itr (37(=)D*D) (1 + o(1)) - % o (371(2) (D)) (14 (1)),
Then following the same procedures as in Appendix [&] we shall obtain that
tr (J7'(2)D?) — Etr (J7'(2)D?) = 0,(1),
tr (J7'(2)D*D) — Etr (J7'(2)D*D) = 0,(1),
tr (371(2) (D*)?) = Btx (37(2) (D*)?) = 0,(1).

Hence,

[tr (37'(2)D) — Etr (J7'(2)D)]

N | =

(319) To(z) =
+ % [tr (37 (2)D*) — Etr (J7'(2)D*)] + 0,(1)
_ %zzl(z) + %zm(z) +o0,(1).

Using (BI1]), one can rewrite Zo; as

(320) 1-21(2’) = Z (Ek — Ekfl) tr (J;l(z)Dk)

k=1
p
- % Z (Ex —Ex—1) MeBe(2)aid ' (2)Ded ) (2)an
1 k;I
== > (Er—Emn) MefBi(2)aid; (2)Dr I} (2)
k=1
P & 1 1
+ Z Z (Eo —E) (-2 - —> E (lyx;|’el B, I 7' (2)B; e;)
k=1j=1 pj P
p p
25 (Ep—Eioy) tr ( = (Qra(2) + Qra(2))
k=1 k=1
+ % S (02— p) B (7B, (2)B; le;)
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SEPARABLE SAMPLE COVARIANCE MATRIX 3829

1< _ _

52008 =0) = 7] B (e B3 (B, ) (14 0,(1).
j=1

We shall assert that the last term in the right-hand side of the last equality tends

to zero in probability. In fact, by (B.0)),

(321) E ]% i [([ﬁ ) Tp} E (e7B,J!(2)B;e;)
j=1
< %Z } — —Tp‘2 %Z{éZpQE p)2+72p2} — 0.

Now we are in position to show that > % _; Qx1(z) and > 7_,; Qra2(z) are o,(1).
Using Lemma and (BI7), one finds that

p 2 P
B> Q)| < 53 E [(aian? (D]
k=1 k=1

IN

C & .

o} Z EY? (qpai) BY? Dy )" — 0.
k=1

That is

(3.22) ZQm =0,(1).

By

(3.23) Bi(2) = Bil2) = ~MeBu(2)Bu(2)en (),

it follows that

Z le(z) = % Z E; )\;ﬁk(z) (q;J;l(z)Dngl(z,’)qk —tr (J;l(z)Dlezl(z)@n))

- %Z Ex — Er1) A2 Bi(2)Br(2)en(2)ai Ty (2)Did ' (2)ak.
k=1

Applying Lemma [£1] and Lemma [£5] one has that
2

E %ZEk MeBi(2) (@I (2)Did i (2)an — tr (T, (2) DRI (2)®0) )| — 0,

and
2

— 0.

%Z Ej, — Er_1) A2 Be(2)Br(2)en ()i Iy (2)Did (2)an
k=

Hence, we obtain that

(3.24) ZQm = 0,(1).
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Combining (3:21), (3.22), B824)), with (B.20), we deduce that
1 & - -
121(2:) = 2—) Z ZEk (e?Ban l(z)Bnlej (‘ykj|2 — 1))

Z (p? —p) e]TBn EJ'(2)B, 'e; + 0,(1).
By the same argument, we can get that

Toolz) = = Z ZEk ( L3 (=)Brey (kg2 - 1))

kljl

+2 LS () BB B, e, 4 0y(1)

Hence,
(3.25)
1 - - — * *
2(2) = 55 30 3B (1) (B (1B ey e ()™ 31 (1B )
k=1 j=1
1 n
+ 2 (= p) e BB I (2)B, e + 0, (1)
=1
p
£ Qus(2) — Qu(2) +0p(1),
k=1
where
1 & _
— %Z T (9%, (2)B.BL +1,) ' e; +o(1).
Jj=1

Because 75 = za—Ig, we have

(3.26) Z; Q4( )+ 0,(1).

k=1
In [4] it is shown that

(3.27) Ti(2) =tr I Hz) —EtrJ ™ Zp: ) +0,(1

where Wi(z) = —L1E; (%)\kgk(z)ek(z)). They also show that trJ=!(z) —

EtrJ=1(2) converges to a Gaussian process with mean zero and the following co-

variance function
52 d(z1,22)
3— dz.
( A 029071 /0 1-—=2 i

Combining (B325), (3:26]), and [B27), one obtains that

P

7) = Y- (W) 4 Quale) + - 5 Qua2)) = Qul) = 25 Q) + ).

k=1
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Next, we will show for any positive integer » > 0 the sum
Z o;L(z), S(z) >0

will converge in distribution to a Gaussian random variable.
For any z,...,2. € C4, a1,...,a, € R and any € > 0, we have

i

T n 4
Siz a?E’ejTBnJ,;l(z)B ej—i—e (B:) ' J; 1(Z)B;"Lej‘

T

> (Qk3(zfz) - %QZL(ZY))

=1

zr:az (Qm(%) - %Q4(zf))

=1

4

tE|Qrs(20) — %QAL(ZE)

a?E|p§ —p‘4 — 0.

This implies the satisfaction of Lindberger condition. Next, we derive the limit
of the quadratic variation process, which is a sum involving the following eight
processes:

ZEk 1 (W (21)Wi(22)) ZEk 1 (Qr3(21)Qq3(22)) s

k=1 k=1
- OQr3(21) OQxs3(22)
gEkil ( 821 322 ) ’

Z Er—1 (Wi(21)Qrs(22)),

k=1

ZEk 1 (Wk 21)8Q§32Z2 ) ZEk 1 <Qk3(21)862§2222))’

and

E(Q4(21)Qa(22)), E (Q‘*(zl)(%?iz(f)) .

In fact, it is easy to see that deriving the limits of the following terms is enough

ZEk 1 (Wi (21)Qra(22)) ZEk 1 (Qr3(21)Qr3(22)) , E(Qa(21)Qa(22)) -

k=1 k=1
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First, let Wg(z) = %Z;ﬁk:l Aj;(2)®,, — 21,. It has been proved in [4] that
Br(z1) — m| = 0p(1). Then by the above equality and (B16]), we have that
I2n

Z Ei_1 (Wk(ZI)QkS(ZQ))

k=1

. 1+|E
2 lim &8 <g1 z1) Ze B,.B;Gx(21)ejel i (91(22)B, B +1, ) )

n—oo p2j2 = 1

Secondly, one finds that

ZEk 1 (Qra(21)Qra(22)) & lim MZJ@A (21)ejel G (22)e;

n—oo YAWA
el bz122

Next, we compute to derive that

E(Q4(21)Q4(22)) & lim

n—oo 2z 22p

Ze Gp zl)ejej G (22)e;

Combining the above results and Lemmal[Z4] we then obtain that Z(z) converges
weakly to a Gaussian process with mean zero and covariance function

— o(eTG )
v(z1,22) = nlingo T—34+0 Z e]) (e] 8§2(z)e])
82 d(z1,22) 1
+(3_B)322821 / 1_Zdz.

3.2.4. The tightness of M,(z). This part is devoted to the tightness of trJ~1(2) —
E (trJ71(2)), > =1 Qj3(2) and Quq(2). Note that the tightness of trJ=1(z) —
E (trJ7!(2)) has been proved in Bai et al. (2019) and thus we focus on the latter

two terms.
Now we begin to prove the tightness of Z?Zl Q;3(%). Actually we plan to prove
that
» 2
sup B> (Qralz1) — Qua(22))| /21 — 22> < K
n,z1,20€Ct —1

for some finite constant K. So it suffices to show that
2

supec Z Qr3(21) — Qua(22))| /|21 — 22> < K.
n,z1,22 k
Note that
p
Z(Qm(m) — Qis(22))/(z1 — 22)
k=1 B o
J 1 k= 1

.(e;‘FBnEk (35 (21)35 (22)) By le; + €7 (BL) By (I (zl)J,gl(zz))B;;ej),
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which implies that
2

p
E Z Qrs(21) — Qrs(22))| /|21 — 22|* < ZZE [ )H2 < K.
k=1

j=1k=1

Next, we shall show the tightness of Q4(z). It suffices to prove

sup  E|Qa(z1) — Qa(22)[* /|21 — 22| < K.

n,21,22€Ch

After some calculations, we find that

E|Qa(21) — Qu(z2)* _ B lzn:

2 _ T -1 -1 —1g.
|2’1 _ 22|2 P = (p' p) €; B, E (J (Zl)‘] (22)) Bn €;

J

< CE|I ' (z)I ()| < K.

So the tightness is proved.
3.2.5. Complete the proof. It is known (see [9]) that for any [, n; > A;(1++/c)? and
N2 < Ap(1 — /)%, the probabilities P ()\max (1A X, X* A*) > 771) = o(n7!) and
P (Amin(lAnxnx;;An) <) = o(n™!). Note the bounds AAB, < A&, AB,.., and

max — max’'max?
AAB > AA AB. that are valid for n x n nonnegative definite A and B. Combining

min — min‘ ‘min

the definitions of z; and z,, we find that with probability 1, lim infn_mo min(xr —

Amax(Sn)s Amin(Sn) — 1) > 0. Thus, letting 1, € (limsup,, A AE2 (1 + Vo, z),
we have for any [ >0, P (Amax(Sn) >n,) =o(n™!). Likewise, we have P (Apmin (S,L) Sm)
= o(n"), where

e (21, liminf,, A A2 T ©0,1)(c) (1 = \/5)2), if liminf, A\ T 0,1)(c) >0,
: (21,0), if liminf, A\ T 0,1)(c) <0.

By similar arguments in [4] and [9], combining the results in the above subsections

B2Z2H3.2.4l we complete the proof of Lemma [3.1] and thus Theorem [I.4] follows.

4. AUXILIARY LEMMAS

Here we present some useful lemmas. The proofs of the first two lemmas are
postponed to the appendix.

Lemma 4.1. Under the conditions of Theorem [L4, for any even k > 2, we have
E|D|" =0 and max E ID,||* — o.
=1
Lemma 4.2. Under the conditions of Theorem [L4], we have
[C2 1| = 0a.s., |[D|=0,(n"?).
Lemma 4.3 (Theorem A.37 in [3]). If A and B are two n x p matrices and Ay

and 6,k =1,2,--- ,n, denote their singular values respectively, then

n;mZMk_ w|? <tr[(A-B)A-B)* <maXZ\)\k— (|2
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If the singular values are arranged in descending order, then we have

S Ak — 62 < tr[(A — B)(A - B)Y,

k=1
where v = min{p,n}.
Lemma 4.4 (CLT for martingale). Suppose for each n, Yn1,Yna, -, Yo, with
finite second moments is a real martingale difference sequence with respect to the
increasing o-fields {Fn;}. If as n — oo,

(i) STE(YE|Fajo1) 0,

Jj=1

where o is a positive constant, and for each € > 0,

(i) Y EI(Yay 2 el) = 0,
j=1

>V 2 N(0,0?).
j=1
Lemma 4.5 (Lemma B.26 in [2]). Let A = (a;i) be an n X n nonrandom matric

and x = (x1,--- ,2,)T be a random vector of independent entries. Assume that
Ez; =0, E|z;|? =1 and E|z;|'! < v;. Then for k > 1,

E|x*Ax —trA|" < ¢ [(1/4 tr AA”‘)k/2 + Vo tr (AA*)k/ﬂ ,

where Cy is a constant depending on k only.

Lemma 4.6 (Inequality (4.8) in [2]). Let M be an n x n nonrandom matriz. We
have fO?"j € {1, 27 T ap}7

E|trJ;'M - Etrd;"M[* < C|M]P%.
Lemmas [£.7] and are trivial.
Lemma 4.7. For rectangular matrices A, B, C,D, we have
tr (ABCD)]| < [[A[[|C]| [tx (BB")]"/* [ix (DD")]"/*.
Lemma 4.8. For rectangular matriz A, complex vectors a and b, we have

la*Ab| < ||A] (a*a)'/* (b*b)"/%.
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APPENDIX A. THE PROOF OF (3.8])
By (BI1), we have that

2

-+

r(37'(2)D)’ = Etr (37'(2)D)

2 2

|
NE

(Ex — Ej_1) (tr (37'(s)D)° - tr (J,;l(z)Dk)Q) + (Ey—E) tr (J-'(2)D)

b
Il
—

Il
M=

(Ex —Ep_1) [tr (J,;l(z)Dk)2 +2tr (3, ' (2)DpJ; ' (2)Di(2))

el
I

1

£ (a3 DTy (han)” + M) (aiy (DT ()’
MeBr(2)ar T (2)DRI g (2)anaidy, H (2)Ded )t (2)an

2B ()T (DRI (DRI () a

— 2B (D (DT G

BT (DI (DT ()

2

~ 2 B(2)a T ()P (DRI (2)ai | + (Bo — B) tr (37 (2)D)

2 (Pu1 + 2Pi2 + Pis + Pra + 2Pes — 2Phs — 2Pi7 — 2Py — 2Pio)
k=1

+(Eo—E)tr (J'(2)D)”.

Firstly, by (34)), it is apparent that

lyesl? 1 o1 1
5 | <yl |5 =~ [+ = [l P = 1

Pj p p; P p

On 1
—lykl + = [lyws* =1
(1=du)p" p‘ ’ |

1
(A1) kaal +—!|ym| —1].

Applying Lemma [£7] and the above inequality, one has that

p p
E ZPM ZE}tr 2)Dy) } < Cn®Y E||Dy*
k=1

4
1
< Cn? max ZE |yk]| - -
j=lyom p? P

k=1

= max SUE (gl 1) o
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This yields that
>

Secondly, we deal with > % _, Pya. It follows from Lemma 1l and ([B.6) that

2
P n 2
; 1
<CYENY (%; - 5) ejB,J, ' (2)Did, ' (2)B; e,
k=1 |j=1 J
P n n
11 11 9
<Cy E (lyk;|*yrel®) E <_2 - —> (_2 - —> E || Dyl
k=1j=1¢=1 Py P Pe P
C & 11
+ =5 STEly? (ly? - 1)|E |5 — = | E Dy
Pi=ii= i P
C P ~ 2 2 2
+ =5 > > E(lysl” = 1) E[Dy|
p k=1j=1
C p
- Z E| D) — 0.
p :
Thus, we obtain that Y 7_; Pro = O,p(1).
Thirdly, by (3:23), we get that
P
ZPm
k=1
1< ~ N _
=3 Z A (Br —Ex1) [52(2) (axdy ' (2)DrJ; (2)ax
k=1
—tr (J,;l(z)Dngl(z)@n))g]
2 & e _ _ _
+ = b (Exp—Er_1) [M( ) (@i J% () Didy H(2)ae —tr (T ' (2)Did; ' (2)@5))
k=1
tr (3,1 (2)DRd;  (2) @)
2 & ~ N _
T Z b (Ex —Eg-1) (ﬁk(z)ﬁi(z)gk(z) (Qka I(Z)Dk']k 1(2)(1k)2)
k=1
1 < ~ . _ 2
+ o 2 (B~ E) (Br(2)Br(2)e(x)aid 5 ()DRI; (e )

2T+ 2T — 2T + Ja.
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Due to Lemma [.1] and Lemma 5] we have that
1 1 4
E|A° < = ZE lapJ; (2)Ded () — tr (31 (2)DJ  (2) @) |

C
< E||Dk||4 -0

k=1
and

E|7|" < B[IDx] (aid; " (2)Dkd; " (2)ax — tr (3, ()43 (2) @) [

< E[Dg|* — 0.

53
o &
D
k=1
By the Cauchy-Schwarz inequality and Lemma 5]

p
E|7)* < e Z [|5k RICT )Dszzl(Z)Qk|4}
k=1

P

< — Z EY?|Dy|* — 0

and

C
E|7° < = > Bler(z)apd;  (2)Drd (2)ak

Consequently, one has
P
> Prs =
k=1
Now, we deal with Py — Prg. Use Lemma [£5] to get for any £ > 0
(A.2) E(qiar)’ < CeE(qiar — tr (®,))" + CLE (tr (8,,))" < Cn’.
Using Lemma B8 ([(AT]), and (A2), we get that

P P
2
E Zpk4 Z ]D)k.] )qk’
k=1 =1
C p C 14 yk»Q 1 5
< a2 E(ID aian’ < 5 max 3E | (@ia) ( 1 __>
k= " " k=1 P p
2
< —2 max ZE1/2 E1/2 <|y/€]2| _ l) < c S0,
" b Tk Pj P n
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and
E Z (2Pys — 2Pys — 2Py7 — 2Pgs)
k=1
C < .
< = > E(IDul 4] (aiae)’)

k
C & . C & 5 .
+ ) ED 1D aiar) + S E (1D aia)
k=1
p

1/2 2 4
< O E(IDull B IDel*) +C DBV Dy
k=1 k=1

]:j :U{q17"' yAj—1,Aj+15 " ,Apy P15 - apn}

Then, we see that

NE

(Pk4 + 2Pk5 - 2Pk6 - 2Pk7 - 2Pk8) = Op(l).

el
I

1

Now, we are in position to show that

p
> Py = 0,(1).
k=1

It follows from ([B23) that
P
Z Pro
k=1
P
_ 1 Z Ex
n
k=1

B (2) (qz (31 (D) 3 (e —tr (33 (2)D8)” 3, ()., ) )

P

- % (B — Er1) A2Br(2) B (2)er(2)aidy  (2)Did . (2)Didy  (2)an.
k=1

By Lemma 1] and Lemma 5] one finds that

2
E

P [Akﬁm <qz (30 (=)De)” 3 (an—tr (I (2)De)* I (2) @) )
k=1
k=1

C P
n
k=1

2

IN

ai (37 (=)D)* 37 (2aw — tr (37 (2)Dw)* 37 (2) @)

IN
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and
2
Z (Er — Beo1) \iBi(2)Br(2)en(2)ardy ' (2)Did; ' (2)Didi ! (2)an
C ; 2 C L 2
* 2
sz |ID&]|* ex(2) (arax — tr (@2))] +;ZE\HDkH ex(2)|
k= k=1
p
<= Z [ D|* = 0.
"=
Hence,

P
Z Pro = 0p(1)
k=1
Combining the above results, we conclude that
(A.3) tr(J 1 (2)D)? —Etr(J ' (2)D)? = Eg tr(J 1 (2)D)? = E(J ' (2)D)? + 0,(1).
Similarly to the proof of [B.I8]), we get that

P
(Eo—E)tr (I~ =Y (Bo— R (DRI (2)Dy)
(A.4) kzlp
+ 3 (Bo = B) tr (3 ()P (2)4) + 0 (1).
k=1

Using ([312)), one can obtain that

Z (Eo —E) tr (33 ' (2)DiJ; " (2)D)

e Z Eo [(05 — —p)] e B.W '(2)B, 'ere; B,W '(2)B;, 'e; (1 + 0,(1))

JAL=1

5 Z (Bo—E) (02— p)” (ejTanv*l(z)B;1ej)2 (1+0,(1))

+—ZEO —9) (eI BaW T (2)B; " e;) (1+0,(1)) + 0, (1),

After some calculations, one finds that

2
1 n
E|= Y Eo[(0i—p) (h] —p)] e/ B.W ' (2)B,  ecef B, W ' (2)B, "¢,
JFAL=1
C & C
<= SN E(-p)’E(}-p)’ < 0.
P P

Other terms can be handled similarly. Hence,

(A.5) > (Bo—E) tr (3, (2)Dpd () Dk) = 0, (1).
k=1
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Similarly it can be verified that

(A.6) > (Eo—E)tr (3 (2)Dipd; (2)Dk) = 0p(1).

k=1

Together with (A3)-(A6), we see that
tr(J7(2)D)? — Etr(J~(2)D)? & 0.

APPENDIX B. THE LIMIT OF
~1Etr (371(2)D?) + L Etr (J-'(2)D*D) — LEtr (J*l(z) (D*)Q)

To begin with, we shall analyse Etr (J=!(z)D*D). Note that

Etr (J7'(2)D*D) = Zp: Etr (J7'(2)D*Dy)

k=1
= Z Etr (3, (2)DiDy) + Z Etr (J;'(2)D;Dy)
k=1 k=1
%z AE (Bi(2)aid ()D DRI ()

Using Lemma 1] Lemma [A35] and (BI7), one finds that

LS B (Bu(2)aid (D Dy (2)a)

IA

QTN
A

E (18k(2)] ||, %(2) DDk aiar)

S
ES
Il
A

* 4 _ 8
EV4Be(2) | BV |ag, an, | EY* Dk Y B2 ||32(2) || EV* D) — 0.

IA
3lQ
Mﬁ

e
Il
—

Hence, we get that

Etr(J7! ZEtr 3. N (2)DiDy) +ZEtr J. 1 (2)DiDy) + o(1).
k=1

By B.13) and B.14),

Z Etr (J; ' (2)DiDx)

2
1 *\ — — — *
_E E E((ykJI 5) e; (Bl) 1BnlejeJTBanl(z)Bnej>

k=1 j=1

+Z Z (——5> (%—%)E(e? (B}) " B, ece/ BoJ, ' (2)Bre; ) +o(1)

k=1 j#£0=1 pJ

1+ |Eyii| < - - :
= MZE (e;fr (B.B;) 'ejel B,J 1(z)Bnej) + o(1),

Jj=1
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and

> BEtr (3, (2)D;Dy)

L 1 1
—1 *T —
I ((; - ;,) e; B,J; (z)Danleg)
k;:lj:l J

k=1 b£k=1 t=1
- % Z E (ejTBnJ_l(Z)BZejejT (B,B}) " ej) +o(1).

Together with the above three equalities, we see that
(B.1) Etr(J~'(2)D*D)
+14+|E
= TT“/“' Y ef (B,B:) ' e;el B,W(2)Ble; +o(1)
Jj=1
T+1+ Byl ¢ syl o T . « -1
B — Z (B,B:)™" eje; BB (91(2)B,B;, +1)
j=1
Similarly to the proof of (B.J), we can get that

Etr (J- ZEtr b |

T—|—2

(2)DF) + > Etr (I, (2)DiDy) + o(1)
k=1

tr (W™'(2)) 4+ o(1)

— (T +14+ |Ey%l|) c'm(2),
and

Etr (J’l(z) (D*)Q) S (T4 1+ |By2]) e lm(2).
Combining the above results, we conclude that

- % Etr (371(2)D?) + % Etr (37 ()D"D) — é BEtr (J*l(z) (D*)Q)

T+1+|Eyj| T+1+|Ey11| * T *

j=1

APPENDIX C. THE PROOF OF THEOREM [2.3]

When the diffusion process x; belongs to class C, the drift process p; = 0 and
Tn,.’s and 7; are both nonrandom and independent of w;, we know that Ax; follows

the same distribution as
Tn,l .
/ y2dt - $12g,
.

n,l—1
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where {z;,---,2,} follow the p-dimensional standard normal distribution. Then

Tn,l

denoting wj' = fT L 2dt, we shall rewrite the RCV matrix as

n
o o 1
SRCV LN wpS 22l SV = A, Z,B,BIZI AT,
n
=1
where A,, = ¥/2, B, B? = diag(nw?,--- ,nw") and Z = (21,--- ,2,). This is in
fact a special case of separable sample covariance matrix from elliptical population
with 7 = 2. Then this theorem follows from Theorem [[.4]

APPENDIX D. THE PROOF OF LEMMAS 4.1 AND 4.2

D.1. The proof of Lemma [4.1]l To prove the first conclusion of this lemma, it
suffices to prove that for any even k > 2,

E || Diag(ly1l*/p%. - . [Iyull*/p%) ~Tall* — 0

as n — oo. To achleve this, we only need to prove that for any 1 < j < n,
E (|ly;/? /pj — 1) is sufficiently small. Note that by assumption (a) and (B4), we
have
k k
syt — 1t < CE Ul =2 £ -0)")
yill?/o; —1)" <
(D.1) o (1= 0p)kp*
C, (pk/2 +pE1) o)
D
This leads to the first conclusion. Taking the same procedure, we find that E ||D,]|*
=o(p~!) for any s = 1,--- ,n and thus the second conclusion follows.

D.2. The proof of Lemma The second conclusion follows from the con-
clusion of Lemma [£.J] with & = 2. Now we deal with the first conclusion. Note

that
2
P P 5 — 1 >e€
[yl
2 2 2
l
P

P ([lyll?> < p/2) +p~(e/2)'E —1

l?
_ - !
<P (il < p/2) + 207 (¢/2) " (Elof = pl' + B[l ')
From the Chernoff bounds for chi-square random variable and the moments
for chi—square random variable, we have that P (||y1]> <p/2) = o(n™") and
2p~l(e/2)” EH|y1H2 —p| = o(n~") for any given ¢t > 0. Also, we have that

2p~'(e/2) " Blp} —pl' < 2(5-)7"

5 5 )7
which is o(n™t) for any ¢ > 0 by choosing | = logn.
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